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Abstract—This paper considers a leader-follower formation
control problem of nonholonomic vehicles of unicycle type subject
to velocity constraints. The velocity constraints of each vehicle
are described by saturated angular velocity and bounded linear
velocity lying between two positive constants. The communication
topology of the networked multi-vehicle system is modeled by
a directed graph. The designed control law is distributed in
the sense that the controller of each follower vehicle only uses
its own information and the information of its neighboring
vehicles. It is shown that with the proposed control law, the
leader-follower formation can be achieved without using absolute
position measurements while the velocity constraints are satisfied.
Finally, the simulation results of an example verify effectiveness
of the proposed control law.

Index Terms—Distributed formation control, nonholonomic
vehicle, velocity constraint.

I. INTRODUCTION

ECENT years have seen increased development in dis-
tributed control of multi-agent systems, see [1]-[6] and
references therein. In particular, many researchers have shown
great interest in formation control of vehicles [6], [7]. The ob-
jective of formation control of vehicles is to make a team of ve-
hicles move towards, and maintain a desired geometric pattern
while maintaining a featured motion. In practice, vehicles are
subject to the bounded maximum linear velocity due to thrust
limitations and the saturated angular velocity due to steering
rate limits. Besides, many vehicles are further subject to the
constraint of the positive-minimum linear velocity due to stall
conditions. In this case, vehicles can neither move backward
directly nor slow down the linear velocity lower than a certain
positive value. In fact, many ground vehicles and most aerial
planes are subject to such physical velocity constraint, e.g., the
fixed-wing unmanned aerial vehicle (UAV) [8]. Thus, it is of
great theoretical and practical significance to investigate and
develop distributed control approaches to vehicle formations
subject to all aforementioned velocity constraints.
The leader-follower formation control problem refers to
forcing follower vehicles to follow the leader’s motion while
maintaining a desired geometric structure with respect to the

Manuscript received February 25, 2015; revised August 9, 2015 and
October 7, 2015; accepted October 27, 2015.

Copyright © 2015 IEEE. Personal use of this material is permitted.
However, permission to use this material for any other purposes must be
obtained from the IEEE by sending a request to pubs-permissions @ieee.org.

The work described in this paper was supported by the Research Grants
Council of the Hong Kong Special Administrative Region of China under
Project CityU/11209514.

Xiao Yu and Lu Liu are with Department of Mechanical and Biomedical
Engineering, City University of Hong Kong, Kowloon, Hong Kong SAR,
China. (e-mail: xiaoyu4-c@my.cityu.edu.hk; luliu45@cityu.edu.hk; phone:
+852-3442-5426; fax: +852-3442-0172).

leader. The special case with only one follower can be referred
to as trajectory tracking control problem, which has been
extensively studied in the literature, see [9]-[11]. To address
all aforementioned velocity constraints in this special case,
in [8] a controller was designed for a small fixed-wing UAV
via selection from a feasible set which was defined by a
constrained control Lyapunov function method. The authors in
[12] considered the additive uncertainty and proposed a robust
controller in terms of input-to-state stability. Unfortunately, the
techniques from these works cannot be directly extended to
formation control of multiple vehicles.

Nevertheless, many works studied the distributed formation
control problem for multiple vehicles. In [13], the graph theory
was used to develop a framework of modeling a formation by
assuming a tree structure. Following this research, in [14],
a nonlinear gain was employed to estimate the effect of the
leader on formation. In [15], formation stability was analyzed
by an approach based on control Lyapunov function method. In
[16], the authors proposed a wiggling controller without using
absolute position measurements, such that the stabilization of
vehicle formation was achieved. In [17], collision avoidance
and limited sensing range of vehicles were considered. In [18],
a robust second-order sliding mode controller was proposed
for the case where each follower knows the leader. In [19], to
improve the convergence performance of formation tracking
errors, the authors proposed a receding-horizon controller. All
these works did not take into account any velocity constraints.
Recently, velocity saturation of vehicles was considered in [20]
and [21], and acceleration saturation was considered in [22].

However, the aforementioned works cannot be directly
applied to the vehicles with positive-minimum linear velocity
constraint. Several works did consider this constraint in the
formation control problem in different cases. In [23], the au-
thors studied formation control of unicycles with constrained
line-of-sight angles. In [24], the case where one follower was
required to stay in an arc of the circle centered in the frame
of the leader was studied. In [25], a decentralized controller
was proposed for the case where the leader maintains a
uniform linear motion. Later in [26], the authors addressed the
navigation problem without considering geometric formation.
More recently, the authors in [27] and [28] used the small-gain
method to design distributed controllers for the leader-follower
formation, while the positive-minimum linear velocity con-
straint can be satisfied. The proposed controllers in [27] and
[28] were based on static and time-varying relative position
sensing digraphs respectively. They both additionally required
all followers to have access to the real-time information of the
leader through communication, including its heading angle,
angular velocity, linear velocity and linear acceleration.
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In this paper, a novel distributed control law is developed for
leader-follower formation of multiple nonholonomic vehicles
subject to velocity constraints. From a distributed point of
view, all vehicles are identical and anonymous. Each follower
cannot identify the leader in general, and only has access to
the local information and the information of its neighbors in a
network of which the topology is modeled by a directed graph
[1]. A dynamic control law is proposed, in which a distributed
observer is developed such that the information associated with
the leader can be estimated by each follower, and a velocity
controller is designed to satisfy the velocity constraints. Fi-
nally, a technical lemma based on the cascaded system theory
[29] is developed to show the uniform asymptotical stability
of the closed-loop system.

The main features of the proposed distributed formation
control law include: (i) bounded functions are appropriately
used such that the velocity constraints of each vehicle as
described in [8] can always be satisfied; (ii) compared with
[27] and [28], the constraint of angular velocity is additionally
taken into account and any real-time information of the leader
vehicle is not required to be known to all followers.

The rest of this paper is organized as follows. Section II
presents the problem formulation and a technical lemma. In
Section III, a distributed formation control law is proposed
and stability analysis of the closed-loop system is presented.
Section IV shows simulation results of an illustrative example,
which is followed by the conclusions in Section V.

Notations and definitions: For a vector x € R, the norm
|- is defined as [l2]| = [l2lls = (S0, |22

II. PRELIMINARIES
A. Problem Formulation

Consider a group of N 4 1 nonholonomic vehicles of
unicycle type. For ¢ = 0,1,..., N, the kinematic model of
vehicle ¢ is described by:

I; = v;cosb;,
Yi = v; sin 0y, (D
0; = w;,

where [x; y;|" € R? is the Cartesian coordinates of the center
of mass (absolute position) and 6; € R is the heading angle
(orientation) in the inertial frame. v; € R and w; € R are the
linear velocity and angular velocity respectively, which are
regarded as the control inputs. It is noticed that, in practice,
0; and 0; + 2K;7 with K; € Z represent the same orientation.

The following physical velocity constraints are considered:

v; € [’Umina ’Umax]a Umax > Umin > 07 (2)

w; € [_wmaXa wmax]v Wmax > O (3)

In the desired vehicle formation, all vehicles move with
the group reference velocities v,(t) and w,(t). Note that
ve(t) € [vr, v}] C [Umins Umax] and w,(t) € [—w/, w}] C
[—Wmax, Wmax|, Where v, v, w! and Vmin, Umax, Wmax are
known constants.

The leader-follower formation control problem is considered

in this paper. The group of vehicles contains one uncontrolled

vehicle labeled 0, and it is called leader. The others labeled
i, 7 = 1,...,N, are followers. All vehicles are identical and
followers cannot identify the leader. All follower vehicles are
required to follow the leader’s motion while maintaining a
desired geometric structure. The leader which decides the
group reference velocities satisfies the following assumption:

[A1] vo(t) and wo(t) are bounded, i.e., vo(t) € [vg, Vil
wo(t) € [wg, wi], ¥t > 0, where [vg, v{] C [v;, v}] and
[‘*’67 Wg] c [_w:v W:]

In practice, the linear acceleration of a vehicle is bounded
and thus the following assumption is made as in [27] and [28]:

[A2] 9o(t) exists and is bounded for all ¢ > 0.

As in [27], the leader is assumed to know its own linear
velocity v, angular velocity wg and linear acceleration vg. The
objective of the leader-follower formation control problem is
to design a controller for vehicle ¢, ¢ = 1,..., N, such that
[z (t) yi(t)]" converges to [zo(t) + dfy yo(t) + di|" and 6;(t)
converges to 0y(t) + 2K;7 with K; € Z, where the constant
vector d;o := [d%, d]" denotes the desired relative position to
the leader. By default, dyg = 0. Each follower vehicle ¢ does
not know d;p, but knows the desired relative position to its
neighboring vehicle j, i.e., dij := [df; d}}]".

The network among vehicles is physically set up by the
onboard sensor and communication device of each vehicle.
Since the absolute positions of vehicles are usually unavailable
[27], [28], the sensor of a vehicle can only measure the relative
positions to its neighboring vehicles in the network. The
communication devices of vehicles provides the information
transmission among vehicles. Each vehicle only has access to
the information of its neighbors in the network. The topology
of this network is described by a directed graph G as follows.

First, a directed graph G = {O, £} is used to describe the
network among N followers. The digraph G consists of a finite
set of nodes O = {1, ..., N} representing N followers, and a
set of edges £ = {(j,4) : j # 1,1, € O} containing directed
edges from node j to node ¢. Next, combining G and node 0
(leader) yields the digraph G = {O, £}, where O = O U {0},
and & includes &€ and directed edges from node 0 to node ¢,
i € O. A directed edge (j,i) (j # i,j € O,i € O) means
that vehicle ¢ can have access to the information of vehicle j.
Node j is a neighbor of node i if (j,i) € &, and a set N; C O
denotes all neighbors of node i. Finally, define a;; = 1 if
(4,i) € &, otherwise a;; = 0. The following assumption is
made on the digraph G:

[A3] The digraph G contains a directed spanning tree with
node 0 being the root.

Now, the Ieader-follower formation control problem consid-
ered in this paper is formally defined as follows:

Definition 2.1: Consider N follower vehicles and a leader
vehicle, and define the formation tracking errors as
ef =xo—x; +dly, e =yo—y;i +dY, el =0—0;,. (4

Given a digraph G, for all initial states [eZ(to) e (to)]" € R?
and ! (to) € (-2m,27), Vto > 0, find a dynamic control law
in the form of

pi = Q(xj — i, Yj; — yiaeiapiapjadij)a (5)
G(p’iae’i)a .]GJV;) ’L':l,...,N, (6)

[vi wi]" =
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such that

lim ef (¢t) =0,

; Y(+) — ; 04y —

T tlggo e/(t) =0, tlggo ei(t) =0, @)
where p;, to be designed later, is an estimate of the information
associated with the leader, d;; = [df; d};]" is the desired
relative position between vehicles ¢ and j, functions o(-) and
o() are sufficiently smooth, and o(-) is properly bounded
subject to (2)-(3). ]

Remark 2.1: Since ef(to) represents the same orientation
as ef(to) + 2K;m € R with any K; € Z, (-2m,27) covers all
orientations. In fact, the measurement #; from the sensors such
as IMU/compass or gyroscope [30] usually returns a value in
[0,27) or (-, 7], which results in ef € (-2, 27). u

Remark 2.2: The problem setup does not include collision
avoidance, and vehicles may be assumed to move on different
altitudes such that collision will not happen. Approaches to
avoiding collisions will be investigated in future. [

B. A Technical Lemma

Before presenting the main results, a technical lemma is
given. This lemma is motivated by the cascaded system theory
presented in [29] and will be used in the stability analysis of
the closed-loop system.

Consider the following system:

X = .f(Xa’Y(t)) + g(Xagvﬁ)/(t))a (8)

where x € R" is the state, £ € R™ is an exogenous signal, 7 :
R>¢ + I' are time-varying functions and I" is a compact subset
of R?. Functions f(x,~(¢)) and g(x, &, v(¢)) are continuous in
their arguments. f(x,y(¢)) is locally Lipschitz on x uniformly
on 7 [31], that is, for each compact subset K, K € R", there is
some constant ¢ such that || f (X, 7)— f(Y,7)|| < ¢||X =Y for
all X, Y eKandally eI g(x,& y(t)) is locally Lipschitz
on (,&) uniformly on 5. System (8) can be considered as a
perturbation of the nominal system

X =06 (). ©

As shown later, the closed-loop system consisting of each
follower (1) and the proposed control law can be written in
the form of (8) and the perturbation term g(x, &,v(¢)) results
from the inter-vehicle information exchange.

In particular, the following lemma gives sufficient con-
ditions to guarantee that a uniformly asymptotically stable
nonlinear system (9) remains uniformly asymptotically stable
when it is perturbed by g(x, &, v(¢)) under some conditions.

Lemma 2.1: Let x = 0 be an equilibrium point for system
(8). If the following conditions [C1]-[C3] are satisfied, system
(8) is globally uniformly asymptotically stable at y = 0.

[C1] The nominal system (9) is globally uniformly asymp-
totically stable with a Lyapunov function V' : R>¢ x R" —
R>( such that for all ¢ > 0 and all x € R",

Wi(x)<V(t,x) < W(X), (10)
ng 2 Wé;’ Y £, 4() < —W (), (D)
V(¢ x)

HTH Xl < eVt x), VXl =¢ (12)

oV (t,x)

Hiu S C2, VHX” S Cv

X 13)

where W () and W () are two class K, functions, W (x)
is a positive semi-definite function, and ¢; > 0, ¢ > 0 and
¢o > 0 are some constants.

[C2] There exists a class L function ¢(-) and a class K
function ¢(-), such that for all ¢ > ¢, > 0 and all £(¢g) € R™,

€@ < @1l T — to),/toollé(t)lldt < o(l1€(tol]). (14)

[C3] The function g(x, &, v(t)) satisfies that for all y € R™
and all £ € R™,

1906 &) < 1€ O1(1I€1D + IxNIO2(11€11) ,

where ©1, O3 : R>( — R>( are continuous functions. u

A sketch of the proof is given in Appendix.

For the case where system (9) is uniformly asymptotically
stable in a domain X C R™ containing x = 0 and £(¢) — 0
exponentially as £ — 0, the following corollary holds.

Corollary 2.1: Let x = 0 be an equilibrium point for system
(8) and X C R"™ be a domain containing x = 0. System (8) is
uniformly asymptotically stable for xy € X, if (i) The nominal
system (9) is uniformly asymptotically stable for x € X with
a Lyapunov function V' : R>o x & — R>(, and two class K
functions W, W : X — R>0, such that (10)-(13) hold for any
x € & (ii) There exist positive constants £ and ¢ such that
for any initial state &(to) € R™, ||€(t)|| < E[|&(to)]|e s(tt0);
(iii) [C3] holds for any x € X and £ € R™. [ ]

5)

III. MAIN RESULTS

In this section, the main results will be presented in two
steps. First, a distributed observer in the form of (5) is devel-
oped for each follower such that the information associated
with the leader can be estimated, including e, e‘?, 0o, wo and
vo. Second, a velocity controller is designed in the form of
(6) such that leader-follower formation can be achieved, while
the velocity constraints (2)-(3) are always satisfied.

For simplicity, convert the tracking errors (4) expressed in
the inertial frame to those in the Frenet-Serret frame of vehicle
1 by using the following coordinate transformation [32]:

BRLCIF I R R Reri i
Oci = €], (16)
which yields the following error dynamics:
Tej = WilYei — Vi + V0 €OS be;,
Yei = —WiTei + V0 SN O, (17)

961- = Wy — Ws.

Thus, to show (7), it suffices to show that for all initial states
[wei(to) yei(to)]T € R? and eei(to) S (-27‘1’, 27T), Vto > 0,

tlggo Tei(t) =0, tlggo Yei(t) = 0, tlggo Oei(t) = 0.

A. Distributed Observer Design

Since each follower has no knowledge of the information
associated with the leader directly, the error [x.; Ye; Oe;]" and
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the velocities of the leader [vy wp]" cannot be directly used in
the controller design. Thus, a dynamic observer is developed
for each follower, such that [z.; ye; 0e:]" and [vg wo]" can be
estimated. This observer is designed as follows.

First, assign a virtual leader vehicle with state [Z; 7; éi]T

and velocity [0; 6;]" for each follower vehicle.
Then, define é; := [¢7 ¢/]" and ¢¢ as

&= — w4+ dE, & =g —yi+dYy, & =0, —6;. (18)

Note that the absolute position [z; y;|* is not measurable and
[d%, d%]" is not known to vehicle i. é; is used to estimate
the formation tracking error [e¥ e!|" defined in (4), such that
[Tei Yes|" can be estimated.

If assumptions [A2]-[A3] hold, v exists and > JeN; Qij #+
0. Then, design a dynamic observer for each follower as:

iz oA A
€y = 0, cosf; —v; cosb;

+ D ay (6] — &) + (a — ) +dfy), (19)
JEN;
ézy = ’01 sin él — Uy sin 91
+ 3 ay (&) —el) + (y; —ya) + 7)) (20)
JEN:
X 1 X 1 ~ o
91' = aij9j + = Z Q5 (HJ — 91), (21)
Z Aij jeN; Z Aij jeN;
JEN: JEN:
: 1 . 1 P
V; = V5 + —<— Z Qij (’Uj — ’UZ‘). 22)
Z QAij jeN; Z Aij jeN;
JEN; JEN;

The information of the ith observer [é; 0; b; 0; ﬁi]T can
be viewed as an internal state of vehicle 7. By default,
[é0 bo 9o o éO]T = [0 0y vy wp Vo]". For each follower, the
observer design uses the local information and information of
its neighbors, and thus the observer design is distributed.

The inter-vehicle information exchange with observer (19)-
(22) can be implemented as follows. If vehicle j is the
neighbor of vehicle ¢, the sensor of vehicle i measures its
relative position to vehicle j, i.e., [z; — z; y; — y;]", instead
of its own absolute position [z; y;|'. Meanwhile, the com-
munication, device of vehicle 7 can receive the information
[&; 0; ©; 6; ©;]" from vehicle j. All vehicles measure and
receive their respective information based on the topology of
digraph G. The distributed observer (19)-(22) owns a property
stated in the following lemma.

Lemma 3.1: Consider the distributed observer (19)-(22),
the leader vehicle and the digraph G. Under assumptions [Al]-

[A3], for any initial states é; (to), éi (to), ?A}i(to), éi(to), ’éi (fo),

i=0,1,...,N,Vtg >0, &(t) — [ef (t) e] (t)]", 0i(t) — o(t),

0;(t) — wo(t) and ;(t) — vo(t) exponentially as t — co. m
Proof: Define

gi = :[;,L — Y0, 91 = éz - 00, ’D'L = i}z - 005(23)
(24)

T; = T; — Xo,
Vi = 0; cos; — vy cosby, v) = v;sinb; — vgsin by,
and denote & = col(Z1,...,Zn), § = col(g1,...,Un), 0 =
col(b,...,0n), O = col(v1, ..., On), ¥* = col(v7, ...,v%) and

vY = col(v{,...,v¥).

First, it will show that 0;(t) — 6o(t), 0:(t) — wo(t) and
0;(t) = vo(t) exponentially as ¢t — oo.

It follows from (21) that, fort=1,..., N,

Z aij(éi — éJ) = — Z aij(éi - é])

JEN; JEN;

(25)

Define A; =} v aij(0; — 0;) and (25) can be rewritten as

Aj=-A; i=1,..,N.

Then, one can obtain A;(t) = e~ (710) A (to).

Note that the Laplacian matrix £ of the digraph G can be
partitioned as follows:

L= < Zﬁvzl ao; ‘ [ao1, .-, aoN] >7

—Aoly | H
where Ao = diag{aio,...,ano}. Noting that there exist no
directed edges from followers to the leader in the digraph G,
thus Zjvzl ap; = 0 and [CLQl, ey aON] =0.

(26)

27)

Denote 6 = col(él, ey éN). Since 6y = 6, one can obtain
(A, .., AN]"= H(6 — 1y ® 0y) = HE. (28)

By assumption [A3] and Lemma 1 in [4], H is nonsingular
and all eigenvalues of H have positive real parts. Thus, —H
is Hurwitz. Since A, (t) = e (*"%0) A;(t), it follows from (28)
that 0(t) — 0. Thus, 0;(t) — 6o(t) exponentially as t — oo.

Denote 6 = col(él, ey éN). Since 6y = wp, one can obtain

[Al,...,ANT:H(é—lN ® wo)- (29)

It follows from (26) that A;(t) = 0 exponentially as t — oc.

Then, 0;(t) — wo(t) exponentially as ¢ — oo. Similarly, it
can be shown that 0;(t) — vo(t) exponentially as t — oo.
Second, to show é;(t) — [eF(t) e/(t)]" exponentially as

t — oo, it suffices to show that ||Z;(t) — xo(t)|| — 0 and
[|9:(t) — yo(t)|| — O exponentially as t — occ.

Using (18)-(20) and [d}; df;]" = [d}; — d}, djjy — d%]", one
can obtain

z=v"—Hz, §j=vY— Hj, (30)

where H is defined in (27). Since —H is Hurwitz, there exist
«, [ > 0 such that

le” || < ae™P*, Vs > 0. 31)

Since v = (; — vo) cos B; 4 vo(cosf; — cosby) and cos(-)
is Lipschitz continuous, thgre exists an Alc > 0 such that
@I < [5(t)] + L [6(2)]. Since 6i(t) — Go(t) and
0;(t) — wo(t) exponentially as ¢ — oo, then there exist
a1, ag, B1, B2 > 0 such that for all ¢ > tg > 0,

158)] < are™™[[5(to)], Lvg 0] < aze™[0(t0)]]. (32)

Then, it follows from (30) and (31) that

t
()] = le HEF (k) + / e My (1) dr |

to
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t
< He’H(t’t”)lllli(to)llﬂL/t le Dl (7)1 dr
0

< ae P03 (ko) || + a(w, + wo), (33)

t Bt~ t Bt
where @, = IC B)15() ||dr and g = L fo € Alt-=m)
|[0(T)||dT. Note that t — 7 > 0. Then, using (32), w, satisfies

t
@ < aul|(to)||e* 10" / B8 gy (34)

to

If B = B1, wy, < aqoto)]|(t — to)e P, otherwise
@, < an||o(to) [ (B — Br) (e lITh) — e Blizto)),

Similarly, if 8 = o, wp < aol|0(to)]|(t — to)e P10,
otherwise wg < s |0(to)||(B — Ba) (e P2lt-to) — e=Bli=to)),

Therefore, it follows from (33) that ||Z(¢)|| — O expo-
nentially as ¢ — oo. In the same way, one can prove that
[l7(t)]| = O exponentially as ¢ — oc.

Hence, system (30) is globally exponentially stable and
[|Z:(t) — 2o (t)]] — 0 and ||g:(t) — yo(t)|]] — O exponentially
as t — oo. The proof is thus completed. [

Remark 3.1: Assumption [A3] ensures that each node in
the digraph G is reachable from node 0 and thus the infor-
mation associated with the leader can be properly estimated
with observer (19)-(22). The design of observer (21)-(22) for
vehicle @ follows from [33], which requires [éj 0;]" and its

derivative [0; ©;]" from its neighbors. In fact, the derivative
can be calculated by numerical differentiation. It is noted that
the time delay of inter-vehicle communication is assumed to
be negligible in this paper. [

B. Velocity Controller Design

To satisfy the velocity constraints (2)-(3), the velocity
controller in the form of (6) are designed as follows:

k 7o
v; = sat(d;, v}, v,.) + %7 (35)
1 + 'rei + yei
5 kg sin Zei
w; = sat(6;, wy, —w;) + %
1 + Iei + yei
~ — ~ éei bd 3 éei
ko sat (0, vy, v, ) (Jei COS =5+ — Te; sin =) (36)

V1+aZ + 92 7
where Ze;, Ue; and éei are obtained from (18) by using the
following coordinate transformation:

[Zei Jei]” = R(6:)[6F &Y], 0 = éf. (37)

Function z = sat(a, b, ¢) : R® > R is defined as z = a, if ¢ <
a<byz=0b,if a>band z = ¢, if a < c. Moreover, k1, ko
and k3 are positive constants satisfying

ry Up — vmin),

2kovt + k3 < Winax — Wi

k1 < min(vpax — v

(38)

The main result of this paper is summarized as follows.

Theorem 3.1: Consider the digraph G, and the closed-loop
system consisting of N error systems (17) and the distributed
dynamic control law (19)-(22) and (35)-(36). Under assump-
tions [A1]-[A3], the design parameters k;, ko and ks can
always be tuned such that the closed-loop system is uniformly
asymptotically stable for any initial states [Zc;(to) yei(to)]" €
R? and 0.;(ty) € (-2m, 2m), ¥ty > 0, while the velocity
constraints (2)-(3) are satisfied for all ¢ > ty. Equivalently,
the leader-follower formation control problem is solved by the
distributed dynamic control law (19)-(22) and (35)-(36) under
assumptions [A1]-[A3]. ]

Proof: Based on (23), define

[z )" = —R(0:)[&: §.]", 6: = —6i, (39)
v; = sat(ﬁi,v:, 1};) — Vo, w; = sat(éi,w:, —w:) — wp- (40)

Thus, Z; = Te; — Tei, Yi = Yei — Yei and él =0, — éei- Let
Xi = [Tei Yei Oei”s & = [ Ui 0; Ui @i (41)
Using (37)-(39), system (17) can be written in the form of

Xi = f(xa,7(1) + 9(xi, &, (1), (42)
with y(t) := [vo(t) wo(t)]" and
[ WeilYei — Vei + v cos be;
fxi, () = —WeiTe; + Vo SIN Og; ,
L wWo — Wej
[ Yei (wi - wei) - ('Ui - Uei)
Q(Xia 51'7 W(t)) = _Iei(wi - wei) 5
i —(wi — Wei)
where
k i cos det — gz, sin i) 4 kg sin Ze
Wei = Wo 200(y 3~ TeiSin5) F kasin , (43)
V1+aZ +y
k et
Ve; = Vo + L (44)

Vit +yz

Then, define pe;, pe; and qe; in (45). Thus, w; —we; and v; —
Ve; can be expressed as (46) and (47) respectively. Note that

_ _ _ 0. . O . O
Pei = 1+ 22 + Y2, Pei = L+ (xei — Ti)> + (Yei — Ui)?, Gei = k2vo(Yei COS — — T¢; 8in —- ) + kg sin —,

45
) 2 2 2 )

o f‘(kQ'UO sin(%: — %) (@ —2wei)gei )+ 3 —kavg cos(%t — %) i (¥i — 2Yei)qes )+ @

’ “ ’ Z_)ei ﬁei\/pei + Pei/ ﬁei ‘ vV ﬁei ﬁei\/pei + Pei/ Z_)ei !

_ kowp sin % (2e; cOS 9;’ + Ye; SIN %) 2sin? % Qei ~ ko((yei — §i) cos Leizb — (z,; — Z;) sin 0“'2_01')
+0i(— = -— — ) + ;( = ), (46)
oi V/ Pei 91 V Pei Pei
1 Tei(Ti — 2Te; _ Tei(Yi — 2Yeq

Vi — Ve = V; — Tk ( + ( ) ) — Yik1(= (G — 2yei) 47)

A% Z_)ei

Z_)ei\/pei + DPeiv/ ﬁei Peir/Pei + Peiv/ ﬁei ,
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Sinq fo cos(gs)ds is a smooth function and |qu| < 1. It

follows from (43)-(47) that f(x;,7(t)) and g(xl,@, (t)) are
continuous in their augments, f(x;,y(t)) is locally Lipschitz
on y; uniformly on v and g(x;, &, (¢t)) is locally Lipschitz
on (xi, &) uniformly on . In what follows, Corollary 2.1 will
be used to prove Theorem 3.1.

First, it will show that system x; = f(x:,y(t)) is uniformly
asymptotically stable at x; = 0 for all x; € X with

X ={(z,y,0)|r €R, y eR, 0 € (-2m, 2m)}. (48)
Consider a Lyapunov function candidate V;(¢, x;) : R>o X
X — RZQ as
kg 2 2 .2 08i
%(t,Xi):7(\/1+xei+yei—1)+8sm R (49)

which is positive-definite and decrescent, and V;(t, x;) — oo
as ||[zei Yei||| = oo. Taking the time derivative of V;(t, x;)
along the trajectories of system x; = f(x:,v(t)) yields

‘/i(t, Xz) _ Q(xelxel ;‘ yezy;l)
Vv 1 + xei + yei
_ —k1koa?, B kavg(ei (1 — c080e;) — Yei SINOe;)
L+a2 +y VI+aZ +y2

i Bei . Oci iy Oei
B 2kovg sin 5 (ye; COS FE — Te; Sin 75t )

VI+aZ +y2 VIt +yZ

7
3 i Oei Oci
—k1koa?, kovo (22 sin — 29/¢; sin %t cos Yet)

_ 2 2
L+aZ +y VIt +yZ
Oei

2kovg sin 951' (Yei cOS % — T SIn 951') 2k sin® 5

VI+aZ +y2 VI+ad +ys

2 2ks sin? f
S B L ) (50)

Lol +yZ JT+aZ +9%
Thus, Vi(t,x;:) is nonmcreasmg in ¢ and bounded, which
implies that hm fo (7, xi)dT exists and is finite. It follows

from V(¢, xz) g Vi(0,x(0)) that x.; and y.; are bounded,
which implies that z.;, ¥.; and éei are also bounded. Then,
Vl-(t, Xi) is bounded with respect to Z¢;, Ye; and 6.;, and is
bounded with respect to ¢. Thus, V; (t, x:) is uniformly contin
uous in ¢. It follows from Barbalat’s Lemma that thm £C =0

A 08i
20,; sin —
+ sin 5

2k sin?

2 fei
2

and lim sin?
t—o00

51 = 0, which yields

lim z.,; =0, lim 6, = 0. (51)
t—o00 t—o00

Next, the extended Barbalat’s Lemma [11, Lemma A.14]
will be employed to prove that y.; — 0 when z.;, 6.; — 0.

Define a function p(t) = y; sin 6,;. Since tlim f.; = 0 and
—00
Yei 1 bounded, tlim wu(t) = 0. Taking the time derivative of
—00
w(t) along the trajectories of system x; = f(x,v(t)) yields

[1(t) = Gei SN Oui + Ociyes c0s Oe; = hy(t) + ha(t),  (52)

where hi(t) = —kovoy? cosly; cos ‘3/\/p_61 and hso(t) =
Yei SIN Oc; + Yei €08 Oei (kavoXe; sin %et — kg sin %t 1)/ \/Pei-
Since Tei, Yeis Tei, Yei and 961 are bounded and v, and
w, satisfy assumption [Al], then hl(t) is bounded. Thus,
hi(t) is uniformly continuous in ¢. It follows from (51)
that tli)r{)lo h2(t) = 0. By the extended Barbalat’s Lemma,

lim hq(t) = 0, which together with assumption [A1] yields

t—o0

lim y.; = 0. (53)
t—o0

Hence, system x; = f(x:,7(t)) is uniformly asymptotically
stable for x € X It is noticed that V;(t, x;) satisfies (10) for
any x € X. It follows from (50) that V;(t, y;) satisfies (11)

for any x € X. Moveover, since
\/kg +4, (54

k2 (22, + 2 . 961
= \/ 7124(_ ;éz +y;§3 + 4 sin? 5 <

there exist constants c1; > 2v/k35 + 4/ka, ¢; > ka/(crik2 —
k3 +4) and cy; > /k3 + 4 such that (12) holds for all
Xi € {xi € X| |Ix:ll > ¢i}, and (13) holds for all x; € {x; €
X lIx:ll < ¢} Thus, condition (i) in Corollary 2.1 is satisfied.
Second, under assumption [A3], Lemma 3.1 holds. For any
0;(to), 0;(t) — 0 exponentially as t — oco. Since ||[Z; 7:]"||
= ||[Z; 9:]"|| holds from (39) and system (30) is globally expo-
nentially stable, ||[Z;(t) 7:(¢)]"|| — O exponentially as ¢ — oo
for any [Z;(to) ¥i(to)]". For vo(t) satisfying assumption [A1]
and any 9;(t), [v;(t)| = [sat(0i(t), vy, v,) —vo(t)| < [0:(t) —
vo(t)|. By Lemma 3.1, |7;(¢)] — 0 exponentially as t — oo
and so does |w;(t)|. Hence, there exist positive constants &
and ¢ such that for any &;(to), ||& ()| < K||&(to)]|e <),

which satisfies condition (ii) in Corollary 2.1.

aV;
oxi

Third, by using the following inequalities:

|$ei|/\/pei < 17 |yei|/\/pei < 17 (|xei - ji')/\/ﬁez' < 17
(lyei = 9il)/VPei <1, |Zil [V/Pei < [Tl |5il/v/Pei < |5l
|Zeil /VDei <1+ 1Zil?, |Yeil /VDei < V1 +17:l%  (55)

wi — wei| < @] (kovd +

(1Zi] + 2|wei]) (k2vg ([yei| + |Teil) + k3)

o UGl + 20yei)) (kv (yei| + [weil) + ks)

+ 165 (

v — Vei| < K|z (1 +

= + Y
Pei/ Pei ) | | ( PeiV/ pez )
kovg ([yei| + |weil) | kovg (|Yeil + |zeil) + k3, - k2(|yei — Uil + |ei —Ti]) |
= . — ) + [wil( — ) + [@il,
2 pez 2 pez pez
k
< 1l (2k2vg 4 2(2kavg + K3) (1] + 2) + 2k /1 + [1&]]% + 73 +2ky + 1), (56)
|TeiZi| + 2|@es| o wei@i + 2|Teiyei] _
— )+ k1l|y; : —— + |v;
Pei/Pei ) 1| |( Pei/Pei ) | |
< k| @i|(|24] + 3) + kalgal (19i] + 2) + |oi] < [[&ll (k1 (2| &l +5) + 1). (57)
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one can obtain inequalities (56)-(57) from (46)-(47). Noting

19 (xis &is YT < (05 = Vei) = Yei (Wi = wei)| + (1 + [wei)
X Jwi — wei| < |vi — vei| + (1 + |Zei| + |Yei|) |wi — weil, (58)

it follows from (56)-(57) that ||g(x, &, v(t))| satisfies
19 Ocis &> YO < IEN1O1(1I&D + NS M Ixall©=2(11:1D, (59)

where O, O3 : R>g — R>( are continuous functions in ||&;]|.
This satisfies condition (iii) in Corollary 2.1.

Thus, by Corollary 2.1, system (42) is uniformly asymptot-
ically stable for y € X.

Finally, since vy and wg satisfy assumption [Al] and
jei/\/l + jgz + ngz" gez‘/\/l + izz + ?jgi € (=1,1), then ki,
ko and k3 can be tuned in accordance with (38) such that
velocity constraints (2)-(3) are always satisfied. The proof is
thus completed. [

Remark 3.2: A conservative method to tune the design
parameters ki, ko and ks is given in (38) such that the
velocity constraints (2)-(3) are always satisfied. If the bounds
vy, v5 and wy, w{ are assumed to be known, v., vi and
w! in (38) can be replaced with vy, vf and wf such that
ki1, ko and k3 may be selected larger. For vehicles with linear
velocity saturation instead of constraint (2) [20], [21], i.e.,
Vi € [~VUmax, Umax)> ¢ = 0,1,..., N, the parameters k1, ko
and k3 in (35)-(36) can also be tuned such that the linear
velocity saturation and constraint (3) are satisfied, and vehicle
formation can be achieved if vo(¢) does not converge to 0. m

Remark 3.3: In [27], a distributed formation control law was
proposed and the velocity constraint (2) can be satisfied. This
control law design required each follower vehicle to measure
the relative positions to its neighbors from a static sensing
digraph and to have access to the real-time information of
the leader, 0o(t), wo(t), vo(t) and 0o (¢) from communication.
This result was extended in [28] to the case where the sensing
digraph is time-varying and 6(t), wo(t), vo(t) are known
to all followers. In this paper, the velocity constraint (3) is
additionally taken into account. More importantly, any real-
time information of the leader, including 6y (t), wo(t), vo(%)
and 0 (t), is not required to be known to all followers. Each
vehicle only uses the information of itself and its neighbors
in the proposed control law (19)-(22) and (35)-(36). ]

Remark 3.4: Tt can be observed from (4) and (7) that the
achieved vehicle formation is defined in inertial frame. For
vehicle formation defined in the local Frenet-Serret frame of
the leader, the tracking errors [ze¢; ye; 0e;]" in (16) can be
redefined as

I+

R s

Yo — Yi
where h; := [h, hi,|" is the desired relative position between
vehicle ¢ and the leader. Let h;; := [hfj h?j]T, j € N, denote
the desired relative position between vehicles 7 and j in the
local frame of vehicle 4. In this case, [d%, d%]" in (4) and (18),
and [d; dfj]T in (19)-(20) can be replaced respectively with

[di dip]" = R(=0:)hio, [df; di;]" = R(=0:)h;.

T
h’iO

s Oei = 6o — 0;, (60)
5 | oo

(61)

Then, the design of observer (19)-(20) is modified as

éf = b; cosb; — v; cos 0; — w;dY,

+ 3 ai (67 —€f) + (zj — i) +4d5),  (62)
JEN;
é';! = ’01 sin él — U; sin 91 + widfo
+ > a (€ =)+ (s — ) +dY) . (63)

JEN;
Using [dfo d'go]T = WiSR(*oi)[hfo h?o]T = WiS[dfo d'go]T with
S = 01 J and [d; d?j]T = [df, —d%, d;’o—dgo]T, one can

-1 0
obtain system (30). In this case, Lemma 3.1 still holds. Thus,
the dynamic control law consisting of (21)-(22), (35)-(36) and
(62)-(63) can be applied to this case if h;q is known. [ ]
Remark 3.5: To obtain the proposed control law in real
time, each follower vehicle is required to compute the real-
time internal state [é; 0; b; 0; @]T of observer (19)-(22) by
iteration and constant memory space is thus needed. It should
be noted that no matrix operation is required in (19)-(22) and
(35)-(36). Instead, only scalar operation is used in the real-
time computation of each follower vehicle. To be specific,
real-time computation of follower vehicle ¢ includes a small
number of arithmetic operations (12|\;| + 18 additions, 20
multiplications, 3 divisions and 1 square root) and elementary
function operations (3 sine functions and 3 cosine functions),
where |N;| is the number of neighbors of vehicle i. ]

IV. AN ILLUSTRATIVE EXAMPLE

In this section, a practical example adopted from [27] will
be considered, where five nonholonomic mobile robots with
kinematics (1) are required to follow a leader robot and
maintain a rectangle formation. It is noted that system (1) can
be used to describe not only a nonholonomic mobile robot [2],
[11], [32], but also the simplified model of a UAV equipped
with standard autopilots or a fixed-wing UAV, see [8], [2] and
references therein. By default, the values of variables are in SI
units. For convenience, the units are omitted in the following.

Consider a leader robot (labeled 0) and five follower robots
(labeled 1-5) with kinematics (1). The velocity constraints are
given as v; € [3-1.8v/2, 3+1.8/2] and w; € [-1.2, 1.2]. The
bounds of the group reference velocities are v} = 4.5, v, =2
and w; = 0.3. The linear velocity and the angular velocity
of the leader robot are given as vy(t) = 3.25 — 0.25 cos 0.24¢
and wg(t) = 0.1 cos 0.2¢, which satisfy assumptions [A1] and
[A2]. Based on (38), tune the design parameters k; = 1.5,
]{2 = 0.05 and k3 = 0.45.

The desired geometric pattern is a rectangle. For follower
robots, the desired relative positions to the leader are given
by [di, di, d%, di, di,]" = [-30 -30 0 30 30]" and
[dYy dy dby dYy d2o]" = [0 =30 =30 —30 0]". The digraph
G is shown in Fig. 1, which satisfies assumption [A3].

_ In this example, the initial states ¢7(0), €7 (0), 0(0), ;(0),
0:(0) and ©;(0) are listed in Table I. Note that they can be
randomly chosen. For the leader robot, [é9(0) 00(0) 0(0)
00(0) 6(0)]" = [0 80(0) vo(0) wo(0) 16(0)]". The initial states
of all robots, [x;(0) y;(0) 6;(0)]", i =0,1,.., N, are the same
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Fig. 1. The digraph G describing the network among mobile robots.

TABLE 1
INITIAL STATES OF VARIABLES IN (19)-(22)

Label  [¢2(0) é(0)]"  6:i(0)  4:i(0) 6;(0) ©(0)

T [24.49 12.86]T T 3 01 01
2 [-5.66 -10.55]"  B57/6 35 0.2 -0.21
3 [-2.49 -17.61]" 0 45 025 -0.18
4 [20.72 22.81]7  -2x/3 25 025 0.13
5 [-30.00 -28.00] 0 2 015 0.16

as that in [27]. Then, apply the distributed control law (19)-
(22) and (35)-(36) to each follower robot.

Fig. 2 presents the trajectories of all mobile robots during
0-160s, which shows that robots converge to the desired
formation. Fig. 3 shows that the formation tracking errors
e?(t), e/(t) and €f(t) converge to 0 and the objective (7)
is achieved. Fig. 4 shows that all velocities v;(t) and w;(¥)
always stay in the constrained ranges, which indicates the
velocity constraints (2)-(3) are satisfied. These results verify

effectiveness of the proposed control law.

V. CONCLUSIONS

A distributed formation control law is proposed for net-
worked nonholonomic vehicles subject to velocity constraints.
Particularly, the linear velocity of each vehicle is constrained
to lie between two positive constants. With the proposed
control law, the leader-follower formation can be achieved in
the scenario where absolute position measurements are not
available and each follower vehicle only has access to the
information of its neighboring vehicles in a network modeled
by a directed graph.

Based on the obtained result, it is of interest to further study
the formation control of networked nonholonomic vehicles by
considering more practical issues. First, the static network will
be extended to the time-varying one. Investigating connectivity
preservation and collision avoidance within a state-dependent
network will also be interesting. Second, the presence of
unknown disturbances and uncertainties will be considered.
Third, the time delay inter-vehicle information exchange will
be taken into account.

APPENDIX

Due to the page limit, only a sketch of proof of Lemma 2.1
is presented. The proof follows from the proof of Theorem
1 and Theorem 2 in [29] by showing that (i) the solution of
(8) is globally uniformly bounded, (ii) system (8) is uniformly
stable and (iii) system (8) is uniformly asymptotically stable.

250
2001 b
150+ |
E 100} 8
>
501
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—50l- g — robot5 ||
-100 0 100 200 300 400 500
X(m)
Fig. 2. Trajectories of all mobile robots.
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Fig. 3. Formation tracking errors of each follower robot.
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Denote 19(#) (+) as the time derivative of function 9(-) along
the solution of the differential equation labeled (#). Different
from [29], Lemma 2.1 does not require that f(x,~(t)) is
continuously differentiable and V(g) (t,x) is negative definite.
However, to show (i) and (ii), one can still follow the proof
of Theorem 1 in [29]. To prove (iii), at first, the smooth
converse Lyapunov theorem [31, Theorem 2.9] is utilized to
find a smooth Lyapunov function V(x) with respect to the
origin for the nominal system (9). From Definition 2.6 in [31],
V(g)(x) is negative definite and V(x) < @(x), @ € K. It
follows from (i) and the continuity of axgg(x) that || 8‘;;") | is
uniformly bounded. The remaining proof for (iii) can be shown

by following the proof of Theorem 2 in [29].
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