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Distributed Circular Formation Control of Nonholonomic Vehicles
Without Direct Distance Measurements
Xiao Yu, Member, IEEE, Lu Liu, Senior Member, IEEE, and Gang Feng, Fellow, IEEE

Abstract—This note presents a static distributed formation control law for nonholonomic vehicles subject to velocity constraints,
such that the controlled vehicles travel along a common circle
with the given center and radius, while maintaining a desired
spaced formation. The center is assumed to be known to only
some vehicles. The proposed controller does not require any communication, and only uses local measurements based on a sensor
graph of which the topology is modeled by a directed graph
satisfying a certain acyclic condition. Moreover, direct distance
measurements are not needed. Finally, the simulation results of
an example verify effectiveness of the proposed controller.
Index Terms—Circular formation, distributed control, local
measurements, nonholonomic vehicles, velocity constraints.

I. I NTRODUCTION
Formation and coordination control of multi-agent systems
have attracted tremendous research interests since the early
years of this century [1–3]. Due to the potential applications
to sensor networks, source seeking exploration, and robotic
surveillance, circular formation of nonholonomic vehicles has
become a hot topic of interest. The objective of circular
formation control is to make multiple vehicles orbit around
a center and maintain a spaced formation. Circular formation
control can be divided into two categories. The first category
considers an unspecified center [4–12] and is also referred to
as collective circular motion. The other one considers a given
center [6, 13–20] and is often referred to as target-enclosing
or circumnavigation.
For the first category, the center is generally dependent on
initial positions of vehicles. In [4, 5], vehicles in cyclic pursuit
was studied. In [6, 7], gradient control laws based on potential
functions were developed for vehicles under complete and
balanced communication graphs respectively. In [12], vehicles
with nonidentical constant velocities were further considered.
In [9, 10], sensor ranges of vehicles were taken into account
and a jointly connected condition on proximity graph was
presented. In [11], dynamic unicycles under a directed sensor
graph were considered and the local stability of the closedloop system was established.
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Since the center can represent a target or a beacon, many
works focused on the second category. It was assumed in most
existing works that the center is known to all vehicles. In
[6], a gradient control law drove vehicles around a beacon
with different spacing arrangements. In [13], limited visibility
of onboard sensors was considered, but the objective for
spaced formation was not included. In [14], spaced formation
along the circle was addressed based on rigidity of the sensor
graph. Several works studied evenly-spaced formation of ringcoupled vehicles. In particular, a hybrid control law based on
local measurements was developed in [15]. In [18], it was
shown that the controlled vehicles converge to circumnavigation around a center with nonidentical given radii. For the case
where the center is known to only one vehicle, a distributed
control law using both local measurements and communication
was proposed in [17] for cycle vehicle networks, which
was extended to general directed networks in [19]. In [20],
circumnavigation with nonidentical radii was investigated.
All aforementioned works in both categories assumed relative position or distance measurements are available, which
renders their practical applications limited. In some scenarios,
distances cannot be accurately measured or even worse cannot
be obtained at all, for instance, mobile wheeled robots with
only cameras, or unmanned aerial vehicles without lidars.
To address this restriction, several attempts were made to
formation control of holonomic agents [21–23]. For nonholonomic vehicles, triangular formation control [24, 25], leaderfollowing tracking control [26, 27], and balanced circular
formation control for vehicle networks modeled by a complete
graph or a cycle [8] were studied. Recently in [16], controllers
using bearing angle measurements were developed such that
multiple vehicles can enclose a target (center) with an evenlyspaced formation. However, the target was assumed to be
known to all vehicles.
In this note, a circular formation control problem similar to
[6, 14–17] is considered. The center of the circular formation
is given and known to only some vehicles. The sensor graph
is modeled by a directed graph satisfying a certain acyclic
condition. A distributed controller without direct distance
measurements is proposed, such that circular formation with
a given center and any desired spacing can be achieved.
The main contributions of this work can be summarized into
four aspects. First, compared with [6, 14–16], the proposed
control law is distributed in the sense that the center of circular
formation is known to only some vehicles. Second, compared
with [6, 14, 15, 17], the proposed controller does not need the
relative position or distance measurements, and compared with
[17], the communication and the memory are not required,
which makes its implementation easier in practice. Third,
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compared with [8, 15–17], the global convergence to any
desired spaced formation instead of only an evenly-spaced one
can be achieved. Last but not least, compared with [6, 15, 16],
velocity constraints of each vehicle can be satisfied.
The rest of this note is organized as follows. In Section II,
we give the problem formulation and review three technical
lemmas. In Section III, a distributed controller is proposed
and the stability of the closed-loop system is established. In
Section IV, the simulation results of an example are presented,
and in Section V, the conclusion is drawn.
Notations: The norm kxk P
of a vector x = col(x1 , ..., xn ) ∈
1
n
Rn is defined as kxk = ( j=1 |xj |2 ) 2 . For x, y ∈ Rn ,
y = x mod 2π means yi ∈ {xi + 2Ki π, Ki ∈ Z}. Function
y = module(x, 2π) : R → [0, 2π) is a function to return
y ∈ [0, 2π) satisfying y = x + 2Kπ with some K ∈ Z.
II. P RELIMINARIES
A. Problem Formulation
Consider N unicycle-type vehicles in the form of
ẋi = vi cos θi , ẏi = vi sin θi , θ˙i = ωi , i = 1, 2, ..., N, (1)

vehicle i can measure the relative information with respect to
vehicle j or the center. Define the sets Ni and N̄i as Ni =
{k ∈ O|(k, i) ∈ E} and N̄i = {j ∈ Ō|(j, i) ∈ Ē} respectively.
Define aii = 0 and aij = 1 ⇐⇒ (j, i) ∈ E. The Laplacian
of graph G is denoted by L = [lij ] ∈ RN ×N , where lii =
PN
j=1 aij and lij = −aij if i 6= j. Denote the Laplacian matrix
of graph Ḡ by L̄. Since not all vehicles have the knowledge
of the center p0 in some practical scenarios, the following
assumption is made on the sensor graph Ḡ:
Assumption 1: The directed graph Ḡ contains a directed
spanning tree with node 0 being the root.
In our setting, neither a global coordinate frame, i.e., the
inertial frame, nor a common reference direction is required
to be available. Thus, the absolute positions pi , pj , j ∈ N̄i ,
or the relative positions pi − pj cannot be measured. Each
vehicle only uses its local coordinate frame, i.e., the FrenetSerret frame, with the origin at its position pi and the x-axis
coincident with its orientation θi . Then, pj , j ∈ N̄i , and θk ,
k ∈ Ni , in the coordinate frame of vehicle i are expressed as

where pi := [xi yi ]T ∈ R2 is the absolute position and θi ∈ R
is the heading angle of each vehicle with respect to the inertial
frame; see Fig. 1(a) for an illustration. vi ∈ R and ωi ∈ R
are its linear velocity and angular velocity respectively. Each
vehicle is subject to the following physical velocity constraints
[28]:

pij = [xij yji ]T = R(θi )(pj − pi ), θki = θk − θi ,


cos(·) sin(·)
respectively, where R(·) =
. Besides, the
− sin(·) cos(·)
separation angle between vehicles i and k with respect to the
center is denoted by ψki := ∠pi p0 pk ∈ [0, 2π), see Fig. 1(a)
for illustration. The distance dij and the bearing angle βji are
defined as follows

vi ∈ [vmin , vmax ], ωi ∈ [−ωmax , ωmax ],

dij = kpij k, βji = κ(pij ),

(2)

where vmin , vmax , and ωmax are known positive constants as
the bounds of the velocities.
In this note, the vehicles are required to converge to a circular formation where all vehicles travel along a common circle
with a given center p0 = [x0 y0 ]T and a desired radius r > 0,
orbit with a constant angular velocity ω0 counterclockwise,
and maintain a desired spacing described by a vector α ∈ RN
along the circle. The vector α = col(α1 , ..., αN ) is used to
describe the desired separation angle of two vehicles with
respect to the center. α can be set as α1 = 0, αN ≤ 2π,
and αi ≤ αi+1 , i = 1, ..., N − 1. Then, αji := αj − αi can
be viewed as the desired separation angle between vehicles
i and j with respect to the center. Considering the velocity
constraints (2), the constants ω0 and r are assumed to satisfy
ω0 r ∈ (vmin , vmax ), ω0 ∈ (0, ωmax ).

(3)

Moreover, it is assumed that the communication devices are
not available and each vehicle can only measure the relative
information with respect to its neighbors in the sensor network.
The topology of the sensor network is described by a sensor
graph Ḡ as follows. First, a directed graph G = (O, E) is used
to model the sensor network of N vehicles. The directed graph
G consists of a finite set of nodes O = {1, ..., N } representing
N vehicles, and a set of edges E ⊆ {(j, i) : j 6= i, i, j ∈ O}
containing directed edges from node j to node i. Next, by
combining G and node 0 (denoting the center p0 ), the sensor
graph Ḡ = (Ō, Ē) is obtained with Ō = O ∪ {0} and Ē =
E ∪ {(0, i), i ∈ O}. A directed edge (j, i) ∈ Ē means that

(4)

where κ(pij ) = 0 if pij = 0; otherwise κ(pij ) = atan2(yji , xij )
with the two-argument arctangent function atan2(·) : R2 \(0, 0)
→ [−π, π). pij can be obtained by measuring dij and βji
separately, see Fig. 1(a) for illustration.
However, it should be noted that pij is unavailable when
sensors cannot provide accurate distance measurements. For
example, cameras along with markers can only measure the
bearing and relative heading angles. The circular formation
control problem formally defined as follows, is thus motivated.
Problem 1: Consider N nonholonomic vehicles in the form
of (1). Given a center p0 ∈ R2 , a sensor graph Ḡ, and a
constant vector α ∈ RN describing the desired spacing, for
vehicle i, i = 1, ..., N , with any initial states [pTi (t0 ) θi (t0 )]T ∈
R3 , ∀t0 ≥ 0, find a static controller using the information
obtained from the onboard sensors, in the form of
[vi ωi ]T = σ(βji , θki , r, αki , ω0 ), j ∈ N̄i , k ∈ Ni ,

(5)

such that (i) lim (pi (t) − p0 ) = r[sin θi (t) − cos θi (t)]T ,
t→∞

lim ωi (t) = ω0 ; (ii) lim ψki (t) − α′ki = 0, where ω0 is a
t→∞
t→∞
given positive constant, α′ki = module(αki , 2π) is a constant
denoting the desired separation angle to the neighbors, and
σ(·) is a sufficiently smooth function.
Remark 2.1: As in [16], communication and direct distance
measurements are not required in this work. Compared with
[16] where the center has to be known to all vehicles,
Assumption 1 only requires some (at least one) vehicles to
have direct access to the knowledge of the center.
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A. Controller Design
<

To achieve lim pi (t) − p0 = r[sin θi (t) − cos θi (t)]T , it
t→∞
suffices to achieve
π
(6)
lim di0 (t) = r, lim β0i (t) = .
t→∞
t→∞
2

;L

The dynamics of di0 and β0i can be described as

<L

i

sin β
d˙i0 = −vi cos β0i , β̇0i = −ωi + vi i 0 ,
d0
;
(a) Illustrations of the variables.

(b) The “companion” vehicle k̂.

for [di0 β0i ]T ∈ (0, +∞) × [−π, π).
According to ψki = module(atan2(yk − y0 , xk − x0 ) −
atan2(yi − y0 , xi − x0 ), 2π), the dynamics of ψki are

Fig. 1. Illustration of the variables and the “companion” vehicle k̂.

ψ̇ki =
B. Technical Lemmas
We now review three technical lemmas which will be used
in the next section.
The first lemma is on the stability of continuous-time
adaptive systems [29].


A
−buT (t)
Lemma 2.1: A system ẋ =
, where
u(t)bT
0
T
T T
m
n
m×m
x = [x1 x2 ] , x1 ∈ R , x2 ∈ R , A ∈ R
is an
stable matrix with A + AT being negative definite, (A, b) is
controllable, and u : R≥0 → Rn is piecewise-continuous
and bounded. The equilibrium of this system is globally
exponentially stable if and only if u(t) is persistently exciting,
there exist positive constants t0 , T0 , and α such that
Ri.e.,
t+T0
u(τ )uT (τ )dτ ≥ αI, ∀t ≥ t0 .
t
The second lemma proposed in [30] is often referred to as
the so-called reduction theorem for asymptotic stability of sets.
Lemma 2.2 (Proposition 14 in [30]): Consider a locally
Lipschitz control system υ̇ = f (υ, η) with state space a
domain Υ ∈ Rq , and assume that there exists a locally
Lipschitz feedback η̄(υ) making the sets Γn ⊂ Γ(n−1) ⊂
... ⊂ Γ1 positively invariant for the closed-loop system
υ̇ = f (υ, η̄(υ)). Let Γ0 := Υ, and if (i) for i = 1, ..., n, Γi is
globally asymptotically stable relative to Γ(i−1) for the closedloop system, (ii) all trajectories of the closed-loop system
are bounded, and (iii) Γn is compact, then Γn is globally
asymptotically stable for the closed-loop system.
Note that the definition of relative set stability can be
referred to Definition 4 in [30].
The third lemma is Theorem 1 in [31].
Lemma 2.3: Suppose that Assumption 1 holds and the root
node 0 in graph Ḡ has no incoming edges from other nodes.
Define A = diag(a10 , ..., aN 0 ), where ai0 = 1 if there is
an edge (0, i); ai0 = 0, otherwise. Let η = [η1 , ..., ηN ]T =
(L + A)−1 1N , ζ = [ζ1 , ..., ζN ]T = (L + A)−T 1N , P =
diag(p1 , ..., pN ) with pi = ζi /ηi , and Q = P (L + A) + (L +
A)T P . Then, P and Q are both positive definite.
III. M AIN R ESULTS
In this section, first a control strategy and a static controller
are developed to solve the circular formation control problem.
Then, stability analysis on the closed-loop system consisting of
the proposed controller and the multi-vehicle system is given.

(7)

vi sin β0i
vk sin β0k
−
, k ∈ Ni ,
di0
dk0

(8)

for ψki ∈ [0, 2π).
However, not all vehicles know the center, and they can
only sense its neighbors. In this case, we develop a control
strategy as follows.
Each neighbor of vehicle i, i.e., vehicle k, k ∈ Ni , is
assigned a virtual “companion” vehicle, namely vehicle k̂. The
position of vehicle k̂ is located on the coordinate (0, r) in the
coordinate frame of vehicle k, i.e., pkk̂ = [0 r]T . If vehicle
i can sense the relative heading angle θki , then it can detect
vehicle k̂ and measure the bearing angle βk̂i ∈ [−π, π), see
Fig. 1(b) for illustration. The “companion” vehicles are only
used by vehicles which do not know the center, and serve as
the estimates for the centers of the neighbors. Vehicles which
know the center do not need to use the estimate βk̂i .
Then, a static controller is proposed for each vehicle i as
X
(2βki − α′ki )),
(9)
vi = ω0 r + c1 r tanh(µ
k∈Ni

X
vi
− c2 cos(bi β0i + ai
ωi =
βk̂i ),
r

(10)

k∈Ni

where α′ki = module(αki , 2π), bi = 1 and ai = 0 if (0, i) ∈
Ē; bi = 0 and ai = 1/kNi k, otherwise. kNi k denotes the
number of the neighboring vehicles, and µ is any positive
constant. Moreover, c1 and c2 are positive constants satisfying
c1 ∈ (0, σ), c2 ∈ (0, ωmax − ω0 − c1 ],

(11)

vmin
with σ = min( vmax
r − ω0 , ω0 − r , ωmax − ω0 ).
To implement the proposed controller (9)–(10), each vehicle
is required to be equipped with an omnidirectional monocular
camera and visual markers for being observed by its neighbors.
As shown in [27], each vehicle i can use the onboard camera to
detect the visual markers on its neighbors. The bearing angles
βji , j ∈ N̄i , and the relative heading angles θki , k ∈ Ni , can
be directly measured. For vehicle i, we suggest the following
two methods to detect a virtual “companion” vehicle k̂.
The first method requires vehicle i to capture an image I(t0 )
at the initial instant and do a one-time calibration in I(t0 ) as
a reference. At the initial instant t0 , vehicle i first captures
the size of the visual marker on vehicle k, i.e., mk (t0 ), and
calibrates a distance rk (t0 ) for the radius r corresponding
to the size of the visual marker mk (t0 ). Set several virtual
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“rulers” with length rk (t0 ) and orientation perpendicular to
θk (t0 ). Let the ends of these “rulers” be attached to each
feature point of the visual marker. Then, the tops of the
“rulers” form a virtual marker in I(t0 ) and this virtual marker
is used to measure βk̂i (t0 ). To measure βk̂i (t), t ≥ t0 , in the
same way, the remaining issue is to find the virtual marker
in an image I(t) captured at instant t and to determine the
length of the “rulers” rk (t) in I(t). Note that from t0 onwards,
rk (t) and the size of the visual marker mk (t) in I(t) are
influenced by the rotation and translation of the two vehicles,
and mk (t) can be measured by observing the marker. Since
ωi and θki are known, θk (t) − θi (t0 ) can be computed. Then,
image I(t) can be rotated to the same orientation as I(t0 ), and
an image I ′ (t) can be obtained. Thus, the size of the visual
marker m′k (t) in image I ′ (t) can be computed. Compared with
I(t0 ), I ′ (t) is only influenced by the translation of the two
m′ (t)
r ′ (t)
vehicles. Using the proportion mkk(t0 ) = rkk(t0 ) , rk′ (t) in I ′ (t)
can be computed. Finally, by rotating I ′ (t) back to the same
orientation as I(t), rk (t) can be determined and the virtual
marker can be found in I(t). Noting that the visual marker
and its corresponding virtual marker are always in the same
plane perpendicular to the ground, the implementation method
described above does not require the camera to acquire the
depth information, and the monocular camera can be used.
The second method also uses the monocular camera, and
additionally requires each vehicle to install a small laser
transmitter, such as a low-cost laser pointer or laser pen. The
laser transmitter is fixed on the top of vehicle k and projects
a pattern with length r and orientation perpendicular to θk (t),
onto the ground or the ceiling. Instead of the computed virtual
marker described in the first method, the projected pattern
serves as a visual marker on the “companion” vehicle k̂,
such that vehicle i is able to detect it and to measure the
bearing angle βk̂i . Note that the projected patterns and the
visual marker generally have unknown sizes and known scales,
such as an equilateral triangle with unknown side length. The
style of the projected pattern can be set the same as the visual
marker of the corresponding vehicle. In this way, the size
of the visual marker is not required to be known and the
relative heading angle measurements are not needed. Thus,
the proposed approach can be implemented with pure bearing
angle measurements.
Even if the sensing capability of the vehicle is very limited
and cannot provide any relative measurements, such as epuck robots used in in [16], the required measurements can
be provided by one calibrated overhead camera and direct
distance measurements are still not required. The implementation can be carried out as shown in the experiments in
[8, 16] where circular formation control laws with bearing
angle measurements were developed.

B. Main Theorem
Now, the main result of this note is stated as follows.
Theorem 3.1: Controller (9)–(10) solves the circular formation control problem, i.e., Problem 1, if Assumption 1 and the
following Assumptions 2–3 are satisfied.
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Assumption 2: Graph G contains a directed spanning tree
with a root node to which there exist no directed edges from
other nodes.
Assumption 3: A subgraph of graph Ḡ, Ḡ ′ = (Ō, Ē ′ ) with
′
Ē = Ē \ {(j, i)|j ∈ O, i ∈ {i ∈ O|(0, i) ∈ Ē}} contains no
directed cycles.
Moreover, velocity constraints (2) can always be satisfied.
Subgraph Ḡ ′ is obtained by removing the edges (j, i),
j ∈ O, i ∈ {i ∈ O|(0, i) ∈ Ē}, in sensor graph Ḡ, which
corresponds to the design of ai and bi in (10).
In what follows, Theorem 3.1 will be proved by using
mathematical induction and Lemma 2.2. The following two
steps will be presented.
The first step is to show that all the vehicles subject to
velocity constraints (2) can converge to the circular motion
along the common circle with the center p0 and radius r.
The second step is to show that the vehicles traveling along
this common circle can converge to the desired spacing.
1
N
Denote d0 = col(d10 , ..., dN
0 ), β0 = col(β0 , ..., β0 ), and
ψ = col(ψk1 1 , ..., ψj1 1 , ..., ψkN N , ..., ψjN N ), ki ≤ ji , ki , ji ∈
Ni . Define Π = [0, +∞)N ×[−π, π)N ×[0, 2π)kEk , where kEk
denotes the number of edges in graph G. The aforementioned
two steps can be rephrased as follows.
Step 1: To stabilize the following set Γ1 relative to Π,
π
Γ1 = {[dT0 β0T ψ T ]T ∈ Π : di0 = r, β0i = , i ∈ O}. (12)
2
Step 2: To stabilize the following set Γ2 relative to Γ1 ,
Γ2 = {[dT0 β0T ψ T ]T ∈ Γ1 : ψki = α′ki , i ∈ O, k ∈ Ni }. (13)
C. Convergence to the Common Circle
The objective of this step is to show that [di0 β0i ]T = [r π2 ]T
is asymptotically stable for the closed-loop system consisting
of system (7) and controller (9)–(10).
It follows from (9) and (10) that vi ∈ (ω0 r−c1 r, ω0 r+c1 r)
and ωi ∈ [ω0 − c1 − c2 , ω0 + c1 + c2 ]. To satisfy velocity
constraints (2), the positive constants c1 and c2 need to meet
ω0 + c1 + c2 ≤ ωmax , ω0 − c1 − c2 ≥ −ωmax ,
ω0 r + c1 r ≤ vmax , ω0 r − c1 r ≥ vmin .

(14)

Using (3) and (11), it can be checked that the inequalities in
(14) are met. Thus, controller (9)–(10) ensures that velocity
constraints (2) are satisfied.
For the vehicles which do not know the center, i.e., vehicle
i, i ∈ O \ {i ∈ O|(0, i) ∈ Ē}, ωi in (10) becomes
1 X i
vi
βk̂ ).
(15)
− c2 cos(
ωi =
r
kNi k
k∈Ni

While for the vehicles which know the center, i.e., vehicle i,
i ∈ {i ∈ O|(0, i) ∈ Ē}, ωi in (10) becomes
vi
ωi =
− c2 cos β0i .
(16)
r
It can be observed that the information measured through
the directed edges (j, i), j ∈ O, i ∈ {i ∈ O|(0, i) ∈ Ē}, in
the sensor graph Ḡ is not used in the controller design for ωi .
Thus, graph Ḡ ′ which excludes these edges, is used for the
following analysis.
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Under Assumptions 1 and 3, graph Ḡ ′ = (Ō, Ē ′ ) contains a
directed spanning tree with node 0 being the root and contains
no directed cycles. Then, graph Ḡ ′ can be further divided into
′
M + 1 (M ≥ 1) sequential subgraphs Ḡ0′ , Ḡ1′ , ..., ḠM
. Denote
′
Ōm as the set which includes the nodes in subgraph Ḡm
,m=
′
0, ..., M . In subgraph Ḡ0 , there exists only node 0, i.e., Ō0 =
{0}. Inside each subgraph, there exist no edges. There exist
directed edges only from the nodes in some of the subgraphs
′
Ḡ0′ ,..., Ḡm
, m = 0, 1, ..., M − 1, to the nodes in subgraph
′
Ḡ(m+1) , i.e., Ē ′ = {(j, i)|i ∈ Ō(m+1) , m = 0, 1, ..., M −1, j ∈
Ōn , 0 ≤ n ≤ m}.
In what follows, mathematical induction is used to prove
that vehicle i, i ∈ Ōm , m = 1, 2, ..., M , can converge to the
common circle with center p0 , i.e., (6) can be achieved.
First, we show that (6) holds for vehicle i, i ∈ Ō1 . Define
ξi = [di0 β0i ]T . The closed-loop system consisting of system
(7) and controller (16) becomes
ξ̇i = fi (ξi , t), ξi ∈ (0, +∞) × [−π, π),
where
fi (ξi , t) =

"

−vi cos β0i
− vri + c2 cos β0i + vi

sin β0i
di0

#

(17)

.

(18)

Consider a Lyapunov function candidate
1 i
1
(d cos β0i )2 + (di0 sin β0i − r)2 .
(19)
2 0
2
Vi (ξi (t)) is continuous but not continuously differentiable at
an instant tǫ ≥ t0 when di0 (tǫ ) = 0. It follows from the definition of the bearing angle in (4) and (9)–(10) that controller
(9)–(10) is still working at instant tǫ , and vi (t) ≥ vmin > 0
−p0 )
6= 0 for all t ≥ t0 , and
holds for all t ≥ t0 . Then, d(pidt
i
i
the state p0 = 0, i.e., d0 = 0 will not be maintained even
if there exists an instant instant tǫ when di0 (tǫ ) = 0. Thus,
Vi (ξi (t)) is piecewise continuously differentiable along the
solutions of system (17). Motivated by [32], the upper righthand time derivative of Vi (ξi ), i.e., D+ Vi (ξi ) can be used for
analysis in this case.
Taking the upper right-hand time derivative of (19) along
the trajectories of system (17) yields
Vi (ξi ) =

D+ Vi (ξi ) = −di0 cos β0i (vi cos2 β0i + di0 β̇0i sin β0i )
+ (di0 sin β0i − r)(di0 β̇0i cos β0i − vi cos β0i sin β0i )
= −vi di0 cos β0i + vi r cos β0i sin β0i
vi
vi sin β0i
)
+ di0 r cos β0i ( − c2 cos β0i −
r
di0
= −c2 rdi0 cos2 β0i ≤ 0.

(20)

Then, the equilibrium set Si = {ξi |D+ Vi (ξi ) = 0} is globally
stable relative to [0, +∞)×[−π, π), and D+ Vi (ξi ) = 0 implies
di0 cos2 β0i = 0. Since di0 = 0 cannot be maintained, it can be
concluded that cos β0i (t) → 0 as t → ∞. It follows from
d˙i0 = −vi cos β0i that di0 (t) converges to a constant. Besides,
cos β0i (t) → 0 implies β̇0i (t) → 0 and β0i (t) → π2 or − π2 .
Then, it follows from β̇0i (t) → 0 and β̇0i = − vri + c2 cos β0i +
sin β i
v (t) sin β i (t)
vi di 0 that − vir(t) + i di (t) 0 → 0. Since di0 ≥ 0, vi ≥
0
0
vmin > 0, and di0 converges to a constant, only β0i (t) → π2

v (t) sin β i (t)

and di0 (t) → r would yield − vir(t) + i di (t) 0 → 0. Thus,
0
β0i (t) goes to π2 and the equilibrium set Si = {ξi |ξi = [r π2 ]T }
is globally asymptotically stable relative to [0, +∞)×[−π, π).
Therefore, (6) is achieved for vehicle i, i ∈ Ō1 , which is
summarized in the following proposition.
Proposition 3.1: Consider a system in the form of (17). For
any ξi ∈ (0, +∞)×[−π, π), the equilibrium point ξi = [r π2 ]T
is asymptotically stable for system (17).
Second, supposing that the vehicle k, k ∈ Ōm , 1 ≤ m ≤
M − 1, can converge to the common circle with center p0
and radius r, i.e. lim ξk (t) = [r π2 ]T , we prove that for i ∈
t→∞

Ō(m+1) , lim ξi (t) = [r
t→∞

π T
2] .

Define ξ˜i := [d˜i0 β̃0i ]T = ξi − [r π2 ]T . The closed-loop system
consisting of system (7) and controller (15) can be written in
the following form
3π π
˙
ξ̃i = f˜i (ξ̃i , t) + gi (ξ̃i , t), ξ̃i ∈ (−r, +∞) × [− , ), (21)
2 2
where
#
"
vi sin β̃0i
,
(22)
f˜i (ξ̃i , t) =
cos β̃ i
− vri − c2 sin β̃0i + vi d˜i +r0
0
"
#T
1 X i
i
gi (ξ̃i , t) = c2 0 cos(
βk̂ ) + sin β̃0 .
(23)
kNi k
k∈Ni

System (21) can be viewed as a nominal system ξ̃˙ i = f˜i (ξ̃i , t)
with the perturbation gi (ξ̃i , t). Furthermore, using Proposition
3.1 yields ξ̃i = 0 is asymptotically stable for the nominal
˙
system ξ̃i = f˜i (ξ̃i , t).
Then, we further study the convergence rate of the nominal
system ξ̃˙ i = f˜i (ξ̃i , t). Define pei = [di0 cos β0i di0 sin β0i − r]T .
Note that pei = 0 if and only if [di0 (t) β0i (t)]T = [r π2 ]T .
Consider the case with gi (ξ̃i , t) = 0, it follows from (22) that
#
"
vi (t)
−c2
r
,
ṗei = Ai (t)pei + εi (t)pei , Ai (t) =
0
− vir(t)


1 − dir(t) − cos β0i (t)
0
εi (t) = c2
. (24)
cos β0i (t)
0
By Lemma 2.1, (2), and (9), pei = 0 of the system ṗei =
Ai (t)pei is globally exponentially stable. Since ξ̃i = 0 is
˙
asymptotically stable for the nominal system ξ̃i = f˜i (ξ̃i , t),
then εi (t) converges to zero as t → ∞. It follows from [33,
Corollary 9.1 and Lemma 9.5] that pei = 0 of system (24)
is globally exponentially stable. Thus, the nominal system
˙
˜
ξ̃i = f˜i (ξ̃i , t) is exponentially stable
X at ξi = 0.
i
1
Next, we show lim (cos( kNi k
βk̂ (t))−cos β0i (t)) = 0,
t→∞

k∈Ni

i.e., lim gi (ξ̃i , t) = 0, for any βk̂i , β0i ∈ [−π, π), k ∈ Ōm ,
t→∞

i ∈ Ō(m+1) , 1 ≤ m ≤ M − 1.
By the definition of the bearing angle in (4), βk̂i and β0i can
be expressed as
βk̂i = κ(pik̂ ), β0i = κ(pi0 ).

(25)

According to the position of vehicle k̂ (see Fig. 1(b) for
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illustration), pik̂ can be expressed as
pik̂ = pik + R(−θki )pkk̂ , pkk̂ = [0 r]T .

(26)

Besides, pi0 can be expressed as
pi0 = pik + R(−θki )pk0 , pk0 = [dk0 cos β0k dk0 sin β0k ]T .
Since lim [dk0 (t) β0k (t)]T = [r
t→∞

π T
2] ,

(27)

it follows from (26) and

(27) that lim (pik̂ (t) − pi0 (t)) = 0.
t→∞

Then, by (25), lim (βk̂i (t) − β0i (t)) = 0, and thus
lim gi (ξ̃i , t) = 0.

γ̃i = γi − γ1 , Λi = tanh γ̃i , i ≥ 2,

(28)

Since ξ̃i = 0 is exponentially stable for the nominal system
˙ξ̃ = f˜ (ξ̃ , t) and (28) holds, then by [33, Corollary 9.1 and
i
i i
Lemma 9.5], ξ̃i = 0 is asymptotically stable for system (21)
with i ∈ Ō(m+1) .
Hence, (6) can be achieved for all vehicles. All these
arguments are summarized in the following proposition.
Proposition 3.2: Consider N systems in the form of (7)
and a sensor graph Ḡ under Assumptions 1 and 3. Controllers
(9)–(10) ensure that velocity constraints (2) are satisfied and
lim [di0 (t) β0i (t)]T = [r π2 ]T , i ∈ O, for any [di0 (t0 ) β0i (t0 )]T ∈
t→∞
(0, +∞) × [−π, π), i.e., Γ1 is globally asymptotically stable
relative to Π.

(32)

and denote Λ = col(Λ2 , ..., ΛN ). The dynamics of Λ can be
written in the following compact form:
Λ̇ = −c1 µW (Λ)(L + A)Λ,

t→∞

t→∞

Under Assumption 2, let node 1 be the root node with no
incoming edges, and γ1 = 0 and γ̇1 = 0. Denote L as the
Laplacian matrix of a subgraph G = (O \ {1}, E), and define
a diagonal matrix A = diag(a21 , ..., aN 1 ), where ai1 = 1 if
there is an edge (1, i); ai1 = 0, otherwise. Define

Λ22 , ..., 1

(33)

Λ2N ).

−
Since tanh(·) ∈
where W (Λ) = diag(1 −
(−1, 1), Λi ∈ (−1, 1) and W (Λ) is positive definite. Define
η = [η2 , ..., ηN ]T = (L + A)−1 1N , ζ = [ζ2 , ..., ζN ]T = (L +
A)−T 1N , and P = diag(p2 , ..., pN ) with pi = ζi /ηi , i ≥ 2.
By Lemma 2.3, P is positive definite.
Furthermore, define W (Λ) = diag(w2 , ..., wN ), where
wi = f (Λi ) : (−1, 1) → R, i ≥ 2, and f (·) is defined as
 1
x2 h(x), x ∈ (−1, 1) \ {0}, ,
(34)
f (x) =
1,
x = 0,
2x
with h(·) : (−1, 1) → R satisfying ∂h(x)
∂x = 1−x2 .
By L’Hospital’s rule, lim = 1 = f (0), and f (x) is a
x→0
differentiable function satisfying

∂f (x)
(1 − x2 )x = 1.
(35)
2∂x
Using (35), it can be verified that f (x) > 0 for x ∈ (−1, 1).
Then, consider the following Lyapunov function candidate
f (x)(1 − x2 ) +

D. Convergence to the Desired Spacing
The objective of this step is to show that vehicles traveling
along the common circle can converge to the desired spacing,
i.e., ψki converges to α′ki for each vehicle i.
When all the vehicles locate on the common circle, i.e.,
di0 (t) = r and β0i (t) = π2 , i ∈ O, then βk̂i = β0i , k ∈ Ni , and
the separation angle ψki satisfies
ψki = 2βki , θk − θi = ψki mod 2π.

(29)

By Assumption 2 and Lemma 3.3 in [34], the Laplacian
matrix L of graph G has a simple eigenvalue 0, and the corresponding right eigenvector is 1N . Then, ker(L) = span 1N .
Denoting θ = col(θ1 , ..., θN ) and using θk −θi = ψki mod 2π,
i ∈ O, k ∈ Ni , yields
{ψ|ψki = α′ki } = {ψ|θk − θi = (αk − αi ) mod 2π}

1 T
Λ P W (Λ)Λ,
(36)
2
and its time derivative along the trajectories of system (33) is
V (Λ) =

V̇ (Λ) = −c1 µΛT (P W W (L + A) + (L + A)T W P W )Λ
+ c1 µ

N
X
i=2

(pi Λ2i

X
∂wi
(Λk − Λi )),
(1 − Λ2i )
∂Λi
k∈Ni

= −c1 µΛT (P F (L + A) + (L + A)T P F )Λ,

(37)

(Λ)
where F = W (Λ)W (Λ) − ∂W
2∂Λ W (Λ)diag(Λ2 , ..., ΛN ).
Thus, F is a diagonal matrix and F = diag(f2 , ..., fN ) with

∂wi
fi = wi (1 − Λ2i ) +
Λi (1 − Λ2i ).
(38)
= {ψ|θ1 − α1 mod 2π = ... = θN − αN mod 2π}
2∂Λi
= {ψ|L(θ − α) = 0N mod 2π}.
Then, it follows from (35) that fi = 1, F = IN −1 , and
′
Thus, to show lim ψki (t) − αki = 0, for each i ∈ O, k ∈ Ni ,
V̇ (Λ) = −c1 µΛT (P (L + A) + (L + A)T P )Λ.
(39)
t→∞
it suffices to show that lim L(θ(t) − α) = 0N mod 2π.
X t→∞
By Assumption 2 and Lemma 2.3, P (L + A) + (L + A)T P
(ψki − α′ki ). Denote γ = col(γ1 , ..., γN ) is positive definite. Thus, Λ(t) converges to 0N −1 as t → ∞.
Define γi = µ
k∈Ni
Since γ1 = 0, each γi (t) converges to 0 as t → ∞. Then,
and using (29) leads to
lim L(θ(t) − α) = 0N by (30), and lim ψki (t) − α′ki = 0,
t→∞
t→∞
γ mod 2π = L(θ − α).
(30) i ∈ O, k ∈ Ni . All these arguments are summarized in the
following proposition.
Moreover, it follows from (8), (9), (29), di0 (t) = r and β0i (t) =
π
Proposition 3.3: Consider kEk systems in the form of (8)
2 that the dynamics of γi can be written as
and
a sensor graph G under Assumption 2. If [di0 β0i ]T = [r π2 ]T ,
X
(tanh γk − tanh γi ).
(31) i ∈ O, controllers (9) ensure that lim ψki (t) − α′ki = 0,
γ̇i = c1 µ
t→∞
k∈Ni
i ∈ O, k ∈ Ni , for any ψki (t0 ) ∈ [0, 2π), i.e., Γ2 is globally
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asymptotically stable relative to Γ1 .
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E. Proof of Theorem 3.1
Now, we are ready to prove Theorem 3.1 as follows.
Proof: Noting that Γ2 ⊂ Γ1 , Propositions 3.2 and 3.3
indicate that condition (i) of Lemma 2.2 is satisfied under
Assumptions 1–3. Proposition 3.2 also implies that d0 is
uniformly bounded and thus condition (ii) of Lemma 2.2 is
also satisfied. Since Γ2 is compact, by Lemma 2.2, Γ2 is
globally asymptotically stable relative to Π under Assumptions
1–3. Theorem 3.1 is thus proved.
Remark 3.1: Assumption 1 implies that the proposed
controller on the basis of the sensor graph Ḡ = (Ō, Ē)
is distributed in the sense that the center is not known to
all vehicles, i.e., (0, i) ∈ Ē for some i ∈ O. While in
[6, 14, 16], the edges (0, i) for each i ∈ O were assumed
in Ē. In addition to Assumption 1, Assumption 3 is used to
ensure the controlled vehicles can converge to the common
circle around the center. Compared with [16] where direct
distance measurements were also not required, the price for
relaxing the assumption that (0, i) ∈ Ē for each i ∈ O, is
that each vehicle needs to implemented the controller with
the suggested methods by additionally measuring the relative
heading angle to its neighbors or installing a onboard laser
transmitter. Many existing works on circular formation control
also require relative heading angle measurements [6, 7, 10–
12, 15, 17], or absolute heading angle measurements [9, 14].
The relative heading angle measurements require each vehicle
to be equipped with a camera and a visual marker for orientation. As shown in [27], each vehicle i can use the camera
to detect the markers for orientation on its neighbors, and
then the relative heading angles θki , k ∈ Ni , can be directly
measured. This process can be done along with measuring the
bearing angles. Thus, the measurements of each vehicle only
rely on a camera and visual markers mount on its neighbors,
and does not need other sensors, such as radar and RF sensor,
to measure distances. Alternatively, an Attitude and Heading
Reference System (AHRS) used in [26] can be installed to
provide heading angle measurements. It is noted that the
obstruction of the line of sight is assumed to be negligible
in this note.
Remark 3.2: Compared with [17], the result in this note has
several advantages when r and ω0 are known to all vehicles.
First, the communication among vehicles and the memory of
vehicles are not required. Second, direct distance measurements are not needed either. Finally, our result addresses the
global convergence to any desired spaced formation instead
of only an evenly-spaced one in [8, 16, 17]. Moreover, it is
assumed in [17, 20] that graph Ḡ ′ is a directed tree, which is
a special case of graph Ḡ ′ under Assumption 3.
Remark 3.3: Controller (10) reduces to (16) for vehicle i,
i ∈ O, if Assumption 1 reduces to the following assumption
used in [6, 14, 16].
Assumption 4: Ḡ = (Ō, Ē) with (0, i) ∈ Ē, ∀i ∈ O.
In this case, the “companion” vehicles are not needed, and
relative heading angle measurements are not required. Thus,
the requirement for local measurements becomes the same

5

4

Fig. 2. The topology of the sensor graph Ḡ.

as that in [16]. Proposition 3.2 holds without Assumption 3,
and controller consisting of (9) and (16) solves Problem 1
under Assumptions 2 and 4. Compared with [6, 14], direct
distance measurements are not required, and any desired
spaced formation can be achieved with only bearing angle
measurements.
IV. A N I LLUSTRATIVE E XAMPLE
Consider a group of 6 nonholonomic vehicles in the form
of (1). The sensor graph Ḡ is given in Fig. 2 which satisfies
Assumptions 1–3. The values of all variables in this example
are in SI units and the units are omitted for convenience.
Velocity constraints (2) are given by 0.2 ≤ vi ≤ 3 and
−π ≤ ωi ≤ π. The center is given by p0 = [0 0]T , and [ω0 r]T
is set to [1 1]T . According to (11), the parameters µ, c1 and c2
are set to µ = 0.25, c1 = 43 , and c2 = π − 74 respectively. The
initial states of vehicles are p1 (0) = [0 0]T , p2 (0) = [3 1.5]T ,
p3 (0) = [0.3 1.8]T , p4 (0) = [2.4 −1.6]T , p5 (0) = [1.5 −1.5]T ,
p6 (0) = [−2.25 − 0.2]T , θ1 (0) = − π2 , θ2 (0) = π, θ3 (0) = π3 ,
θ4 (0) = −π, θ5 (0) = 5π
6 , and θ6 (0) = 0.
Two circular formations with different spacing are studied.
The first case considers an evenly-spaced formation along
5π T
the semi-circle, described by αcase 1 = [0 π6 π3 π2 2π
3
6 ] .
The second case considers a spaced formation described by
11π 4π T
αcase 2 = [0 π3 π2 7π
6
6
3 ] .
Fig. 3 presents the trajectories of all vehicles with controller
(9)–(10) during 0–60s in both cases, which shows that the vehicles converge to the circular formation with desired spacing.
Fig. 4 presents the distances kpi (t) − p0 k within 60s, which
shows that the vehicles converge to the common circle with
the given center p0 and radius r. Fig. 5 illustrates that the
vehicles converge to the desired spaced formations. All these
results verify effectiveness of the proposed controllers.
V. C ONCLUSION
In this note, we have developed a distributed controller for
nonholonomic vehicles of unicycle type, such that vehicles
converge to a circular formation with desired spacing. The
center is assumed to be known to only some vehicles. Each
vehicle only needs to use local measurements from onboard
senors, and direct distance measurements are not required.
Our future work will focus on controller design for vehicles
with disturbances and the obstruction of the line of sight, and
analysis on collision avoidance.
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