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Cooperative Control for Moving-Target Circular
Formation of Nonholonomic Vehicles
Xiao Yu, Student Member, IEEE, and Lu Liu, Senior Member, IEEE
Abstract—This note investigates the problem of moving-target
circular formation of nonholonomic vehicles, such that the
controlled vehicles orbit around a target moving with a timevarying velocity and maintain even spacing along the common
circle. A cooperative controller is developed for each vehicle
via local measurements only. The topology of the sensor graph
may dynamically switch based on the relative positions between
vehicles and the target. Moreover, measurements in the local
Frenet-Serret frame of each vehicle rather than in a global
coordinate frame are used. Finally, the effectiveness of the
proposed controller is verified by the simulation results of an
example.
Index Terms—Cooperative control, moving-target circular formation, nonholonomic vehicles.

I. I NTRODUCTION
Over the last decade, tremendous research effort has been
devoted to formation control of multi-agent systems [1]. In
particular, circular formation where multiple nonholonomic
vehicles orbit around a target along a common circle, has
attracted much attention recently due to its wide applications
[2]. For example, formations of multi-vehicle systems under
cyclic pursuit were studied in [3, 4]. In [5, 6], the authors
provided comprehensive investigations on circular formation
of vehicles under all-to-all and limited communication. In [7],
limited visibility of onboard sensors for vehicles was taken into
account. In [8], a hybrid control law via local measurements
was developed. In [9, 10], collective circular motion was
addressed with a jointly connected graph condition. In [11],
a hierarchical design approach was proposed for multiple
dynamic unicycles. In [12], control schemes using only local
bearing measurements were developed.
However, in aforementioned works, the center of circular
formation is assumed to be stationary no matter it is a priori
given or dependent on initial positions of the vehicles. These
control approaches cannot be directly extended to the case
where the center is moving.
Moving-target circular formation of vehicles modeled by
single or double integrators were studied in [13–16]. While
for nonholonomic vehicles, several works studied the case
where the target moves with a constant velocity. In particular,
the authors in [17, 18] studied the case where the target is
a vehicle and the linear velocities of all vehicles maintain
constant. A Lyapunov guidance vector field approach was
introduced in [19]. The authors also took into account the
spaced formation of two vehicles and a target with an unknown
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constant velocity. Later, the spaced formation of multiple
vehicles under a fixed sensor graph was further studied in
[20]. If the velocity of the target is time-varying, it becomes
more challenging to investigate the circular formation control
problem even though its velocity is available to all vehicles
[21]. It was shown in [21] that the tracking errors with
respect to the circular motion around the target were locally
uniformly bounded and did not converge to zero. In [22],
a translation control design was developed such that global
asymptotical stabilization of the circular formation can be
achieved provided that measurements in the global inertial
frame and communication among vehicles were available.
In this note, we consider a circular formation control
problem similar to [22]. A static controller using only local
measurements of each vehicle is proposed to achieve the
evenly spaced circular formation of multiple vehicles around
a moving-target. A cyclic pursuit strategy [14, 21] is used
to generate the topology of the sensor graph which may
dynamically switch based on the relative positions between
vehicles and the target.
The main contributions of this work can be summarized
into four aspects. First, the proposed controller only relies on
local measurements in the Frenet-Serret frame of each vehicle.
Thus, a global coordinate frame and communication among
vehicles are not required, which makes the implementation
easier in practice. Second, the tracking errors with respect to
the circular motion around the target can globally converge
to zero if the maximum velocity of the target is known and
certain conditions on local measurements are satisfied. Third,
the target does not have to be a vehicle of unicycle type and
it is allowed to move with a time-varying velocity. Last but
not least, the evenly spaced formation along the circle can be
achieved and is reconfigurable when some vehicles are added
into or removed from the fleet.
The rest of this note is organized as follows. In Section II,
the problem formulation is introduced and two technical lemmas are reviewed. In Section III, we present the cooperative
controller and establish stability of the closed-loop system. In
Section IV, the simulation results of an example are shown,
and in Section V the conclusion is drawn.
−
→
Notations: In the Cartesian coordinate plane, ab denotes a
vector from a point a to a pointpb.Pkxk denotes the 2-norm
n
2
of a vector x ∈ Rn , i.e., kxk =
i=1 |xi | .

II. P RELIMINARIES
A. Problem Formulation
Consider a fleet of N nonholonomic vehicles of unicycle
type. The kinematics of each vehicle is described by:
ẋi = vi cos θi , ẏi = vi sin θi , θ̇i = ωi , i = 1, 2, ..., N, (1)
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where pi := [xi yi ]T ∈ R2 is the absolute position and θi ∈ R
is the heading angle of each vehicle with respect to the inertial
frame, vi ∈ R and ωi ∈ R are its linear velocity and angular
velocity respectively.
A target moves along a trajectory c(t) = [xc (t) yc (t)]T , and
the initial positions of the vehicles and the target satisfy the
following assumption [13, 14, 21]:
[A1] All vehicles and the target are not co-located and have
distinct locations at the initial time t0 , i.e., pi (t0 ) 6= pj (t0 ) 6=
c(t0 ), ∀i 6= j.
As in [22], the trajectory c(t) is assumed to satisfy the
following assumption:
[A2] c(t) : R≥0 → R2 is a C 2 function with bounded 1st order and 2nd -order derivatives.
A moving-target circular formation requires all vehicles to
travel along a common circle with the center c and a given
radius r, and maintain even spacing along the circle.
Before presenting the formal definition of the problem, the
neighboring strategy of the fleet of vehicles is first introduced.
The strategy is adopted from [14] and [21], and is based
on the positions of vehicles p1 , ..., pN in circular counterclockwise radial order around the target c. Define a node set
O = {1, 2, ..., N } representing N vehicles. Let ϕij ∈ [0, 2π),
i, j ∈ O, be the backward separation angle by rotating the
→ clockwise until its direction coinciding with
planar vector −
cp
i
−
→
that of cpj , and ϕji ∈ [0, 2π) be the forward separation angle
→ counterclockwise until its direction coinciding
by rotating −
cp
i
→. Then, let vehicle i− satisfying kp − ck
with that of −
cp
j
i−
= maxj∈Nipre kpj − ck be the pre-neighbor of vehicle i, and
vehicle i+ satisfying kpi+ − ck = minj∈Nine kpj − ck be
the next-neighbor, where Nipre = {j ∈ O|ϕij = mink6=i ϕik }
and Nine = {j ∈ O|ϕji = mink6=i ϕki }. As an example show
in Fig. 1(a), the counterclockwise radial order of vehicles is
1 → 2 → 5 → 3 → 4 → 1. Thus, the pre-neighbor and nextneighbor of vehicle 1 are vehicle 4 and vehicle 2 respectively.
Based on this strategy, the IDs or labels of vehicles are not
required. Each vehicle searches for its neighbors by sensing
its counterclockwise and clockwise radial sides with respect
to the target.
Denote ϕ = col(ϕ(1+)1 , ..., ϕ(N +)N ) and let Ni (ϕ) be the
set including the neighbors of vehicle i. It follows from the
neighboring strategy that Ni (ϕ) = {i+, i−}. Then, a statedependent sensor graph G(ϕ) = (O, E(ϕ)) with E(ϕ) =
{(i, j) : j ∈ Ni (ϕ), i, j ∈ O} is used to describe the
topology of the sensor network among vehicles. According
to the neighboring strategy, although the edge set E(ϕ) may
change as ϕ varies, the sensor graph G(ϕ) is a cycle if no
vehicles are in the same position. Denote the Laplacian matrix
of G(ϕ) by L(ϕ). When G(ϕ) is a cycle, L(ϕ) is positive
semi-definite and satisfies L(ϕ)1N = 1TN L(ϕ) = 0.
In practice, neither absolute positions pi , pj , c, nor relative
positions pi − c, pi − pj , j ∈ Ni (ϕ), can be measured
due to the lack of a global coordinate frame or a common
reference direction. As in [21], each vehicle i establishes its
local coordinate frame, i.e., the Frenet-Serret frame, with the
origin at its position pi and the x-axis coincident with its
heading angle θi . Then, the positions c and pj , j ∈ Ni (ϕ),
measured in the global inertial frame can be converted to
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(a) Neighboring strategy

(b) Local measurements

Fig. 1. Illustration of the neighboring strategy and measurements in the
coordinate frame of vehicle i.

those in the local Frenet-Serret frame of vehicle i by using
the following coordinate transformation [23]:
ci = [xic yci ] = R(θi )(c − pi ), pij = R(θi )(pj − pi ), (2)


cos θi
sin θi
. Besides, the real-time
where R(θi ) =
− sin θi cos θi
velocity and acceleration of the target measured in the local
coordinate frame of vehicle i are
vci = R(θi )ċ, aic = R(θi )c̈,

(3)

respectively. As shown in Fig. 1(b), vehicle i can obtain ci
and pij by measuring the relative distances dci , dji and bearing
angles βci , βji , j ∈ Ni (ϕ). In fact, by sensing dci , dji , βci
and βji , j ∈ Ni (ϕ), vehicle i can calculate ϕ(i+)i and ϕi(i−)
in the triangles △i(i+)c and △i(i−)c shown in Fig. 1(b)
respectively.
Then, the following assumptions on local measurements are
made:
[A3] Vehicle i can measure dci , βci , and the real-time
velocity and acceleration of the target measured in local
coordinate frame, i.e., vci and aic . Besides, the constant sup kċk
is known.
[A4] Vehicle i, i ∈ O, can measure its own linear velocity
vi , relative distances dji and bearing angles βji , j ∈ Ni (ϕ).
Now, the formal definition of the moving-target circular
formation control problem in this note is stated as follows.
Definition 2.1: Consider a target c(t) and a desired radius r. For vehicle i, i = 1, ..., N , with any initial state
[pTi (t0 ) θi (t0 )]T ∈ R3 , ∀t0 ≥ 0, design a controller [v̇i ωi ]T
using the local measurements, i.e.,
[v̇i ωi ]T = ̺(vi , dji , βji , dci , βci , vci , aic ), j ∈ Ni (ϕ),

(4)

such that the following objectives can be achieved:
(i) lim (pi (t) − c(t)) = r[sin φi (t) − cos φi (t)]T , rφ̇i =
t→∞
uc > 0, ∀i ∈ O, where φi is the vectorial angle of vi − ċ, i.e.,
φi = ∠(vi ∠θi − ċ) (circular motion around the target);
(ii) lim kpi (t) − pi+ (t)k = lim kpj (t) − pj+ (t)k, ∀i, j ∈
t→∞
t→∞
O, i.e., lim ϕ(i+)i (t) = 2π/N, ∀i ∈ O (evenly spaced
t→∞
formation).
Remark 2.1: The assumptions that sup kċk is known and
vehicle i can measure vi in assumptions [A3]-[A4], as well
as assumption [A2], are also required in [22]. Besides, in
assumptions [A3]-[A4], vehicle i only uses its local coordinate
frame instead of a global one. While in [22], vehicle i had
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access to ċ and c̈ measured in the global inertial frame, as
well as the absolute position pi , c, and the heading angle θi ,
which implies that vehicles had to share a global coordinate
frame. Moreover, it was shown in [22] that vehicle i had to
obtain some internal states of its neighbors, which implies
that communication among vehicles must be used. While in
assumption [A4], vehicle i only relies on local measurements
and does not use any communication.
B. Technical Lemmas
We now review two technical lemmas which will be used
in the next section.
The first lemma introduced in [24] is often referred to as
the so-called reduction theorem for asymptotic stability of sets,
and the definition of relative set stability is given in Definition
4 in [24].
Lemma 2.1 (Proposition 14 in [24]): Consider a locally
Lipschitz control system υ̇ = f (υ, η) with state space a
domain Υ ∈ Rq , and assume that there exists a locally
Lipschitz feedback η̄(υ) making the sets Γn ⊂ Γ(n−1) ⊂
... ⊂ Γ1 positively invariant for the closed-loop system
υ̇ = f (υ, η̄(υ)). Let Γ0 := Υ, and if (i) For i = 1, ..., n,
Γi is globally asymptotically stable relative to Γ(i−1) for the
closed-loop system; (ii) All trajectories of the closed-loop
system are bounded; (iii) Γn is compact, then Γn is globally
asymptotically stable for the closed-loop system.
Then, the second lemma is a version of the non-smooth
LaSalle Invariance Principle given in [25].
Lemma 2.2 (Theorem 3.2, Chapter VII, [25]): Let υ(t) be a
solution of υ̇ = f (υ), υ(0) = υ0 ∈ Rq , where f : Υ → Rq is
continuous with Υ an open subset of Rq , and let V : Υ → R
be a locally Lipschitz function such that D+ V(υ(t)) ≤ 0,
where D+ is the upper right-hand derivative. With denoting
T
the positive limit set of a solution υ as Λ+ (υ), Λ+ (υ) Υ
is contained in the union of all solutions that remain in S =
{υ ∈ Υ : D+ V(υ) = 0}.
III. M AIN R ESULTS
In this section, first a cooperative controller is proposed
to solve the moving-target circular formation control problem.
Then, stability analysis of the closed-loop system consisting of
the proposed controller and multi-vehicle system is provided.

As shown in [26], γi is derived from φi = atan2(ỹ˙ i , x̃˙ i )
with the two-argument arctangent function atan2(·) : R2 \
{(0, 0)} → [−π, π). System (6) models the dynamics of the
planar vector ui = ui ∠φi = [x̃˙ i ỹ˙ i ]T , ui 6= 0, obtained by the
vector difference between vi = vi ∠θi and ċ, i.e.,
ui = ui ∠φi = vi − ċ, ui 6= 0.

(8)

Next, consider [ui γi ]T as control input to the system in the
form of (6). Use the local measurements to design controller
[v̇i ωi ]T and relate it to [ui γi ]T , such that p̃ := col(p̃T1 , ..., p̃TN )
converges to set Π = {p̃ ∈ R2N : p̃i = r[sin φi −
cos φi ]T , rφ̇i = uc , ϕ(i+)i (p̃) = 2π/N, i ∈ O}, where uc > 0
is some constant to be specified later.
Then, we propose the following controller for vehicle i,
i ∈ O.
v̇i = Qaic − k1 (ui − ūi ) cos φii − ui γ̄i sin φii ,
ui γ̄i + v̇i sin φii − [sin φii − cos φii ]aic
,
ωi =
vi cos φii

(9)
(10)

with
1
ūi = uc + k2 r sin (ϕ(i+)i − ϕi(i−) ),
4
γ̄i = (ui − k3 σ([cos φii sin φii ]ci ))/r,

(11)
(12)

where Q = [1 0], k1 > 43 k2 > 0, k3 is any positive constant,
uc and k2 are constants satisfying
uc > sup kċk, 0 < k2 < (uc − sup kċk)/r.

(13)

1

Function σ : R → R is a C function such that (i) σ(0) = 0,
(ii) |σ(z)| ≤ 1, ∀z ∈ R, and (iii) zσ(z) > √
0, ∀z ∈ R\{0}. For
example, σ(z) = tanh(z) and σ(z) = z/ 1 + z 2 . Moreover,
φii is defined as
φii = φi − θi ,

(14)

which denotes the direction of ui measured in the local
coordinate frame of vehicle i, and φii can be calculated by
cos φii = (vi2 + u2i − kċk2 )/(2vi ui ).

(15)

Note that kvci k = kR(θi )ċk = kċk. Then, it follows from (3)
and (8) that ui can be calculated by
1

ui = (vi2 + kvci k2 − 2vi Qvci ) 2 .

(16)

Thus, controller (9)-(10) with (11)-(12) is in the form of (4).

A. Controller Design
Define the relative position between vehicle i and the target

B. Main Theorem

as
p̃i := [x̃i ỹi ]T = pi − c.

(5)

Then, under assumption [A2], the following error dynamics
can be obtained by differentiating p̃i with respect to time.
x̃˙ i = ui cos φi , ỹ˙ i = ui sin φi , φ̇i = γi ,

(6)

where ui and γi are respectively given as
1
¨i ỹ˙ i + ỹ¨i x̃˙ i )/(x̃˙ 2i + ỹ˙ i2 ).
ui = (x̃˙ 2i + ỹ˙ i2 ) 2 , γi = (−x̃

(7)

Now, we state the main result as follows.
Theorem 3.1: Consider a target moving along a trajectory
c(t) and N nonholonomic vehicles in the form of (1). Define
ui as in (16). If the initial condition ui (t0 ) > sup kċk,
i = 1, ..., N , is satisfied, controller (9)-(10) with (11)-(12)
solves the moving-target circular formation control problem
under assumptions [A1]-[A4].
Remark 3.1: The initial condition ui (t0 ) > sup kċk is
a sufficient condition to exclude the occurrence of singular
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points ui = 0 and vi cos φii = 0 in (8) and (9), which will be
shown later. In practice, ui (t0 ) > sup kċk can be enforced by
vi (t0 ) > 2 sup kċk.

Moreover, if ui (t) > kċ(t)k holds, using Qaic = ẍc cos θi +
ÿc sin θi , and substituting (9) and (23) into (20) yield

(17)

Since ui = kvi − ċk and vi (t0 ) > 2 sup kċk, the initial
condition ui (t0 ) > sup kċk can be satisfied. It is noted that
a common initial time is not required for the vehicles. Each
vehicle i can “activate” the proposed controller individually at
any instant ti0 when ui (ti0 ) > sup kċk.
In what follows, Theorem 3.1 will be proved by utilizing
Lemma 2.1. First, the following three steps of set stabilization
analysis will be given, and then Lemma 2.1 will be employed
to arrive at Theorem 3.1. Denote u = col(u1 , ..., uN ) and
define Γ1 as
Γ1 = R2N × (sup kċk, +∞)N .
Step 1: To show that Γ1 is positively invariant for the
closed-loop system, i.e., [p̃T (t) uT (t)]T ∈ Γ1 , ∀t ≥ t0 if
[p̃T (t0 ) uT (t0 )]T ∈ Γ1 .
Step 2: To stabilize set Γ2 relative to set Γ1 , where


sin φi
, ui = rφ̇i , i ∈ O}.
Γ2 = {[p̃T uT ]T ∈ Γ1 : p̃i = r
− cos φi
Step 3: To stabilize set Γ3 relative to set Γ2 , where
Γ3 = {[p̃T uT ]T ∈ Γ2 : ϕ(i+)i (p̃) = 2π/N, ui = uc , i ∈ O}.
C. Positive Invariance of Γ1
In the first step, we show that [p̃T (t) uT (t)]T ∈ Γ1 , ∀t ≥ t0
if [p̃T (t0 ) uT (t0 )]T ∈ Γ1 , i.e., u(t) ≥ sup kċk if u(t0 ) ≥
sup kċk.
First, using (6), (14) and the following equations

u̇i =

v̇i − Qaic + γ̄i ui sin φii
= −k1 ui + k1 ūi .
cos φii

(24)

Now, we claim that if the initial condition ui (t0 ) > sup kċk
is satisfied, then ui (t) > sup kċk holds for all t ≥ t0 .
We prove the claim by contradiction. By assumption [A2]
and (16), ui (t) is differentiable in t. Since ui (t0 ) > sup kċk,
if the claim is not true, there must exist an instant tu > t0 such
that ui (tu ) = sup kċk and ui (t) > sup kċk for t0 ≤ t < tu .
Then, it follows from (24) that for all 0 ≤ t < tu ,
Z t
−k1 (t−t0 )
e−k1 (t−τ ) k1 ūi (τ )dτ. (25)
ui (t) = e
ui (t0 ) +
t0

Using (11) and (13), we have ūi ≥ uc − k2 r ≥ sup kċk. Then,
it follows that for all 0 ≤ t < tu ,
Z t
e−k1 (t−τ ) dτ
ui (t) ≥ e−k1 (t−t0 ) ui (t0 ) + k1 (uc − k2 r)
=e

−k1 (t−t0 )

≥e

−k1 (t−t0 )

ui (t0 ) + sup kċk(1 − e

t0
−k1 (t−t0 )

(ui (t0 ) − sup kċk) + sup kċk.

)
(26)

Since ui (t0 ) − sup kċk > 0, then the left-hand limit
lim ui (t) > sup kċk. Noting that ui (t) is differentiable in

t→t−
u

t, we have ui (tu ) = lim ui (t) > sup kċk, which contradicts
t→t−
u

ui (tu ) = sup kċk. This proves the claim.
Hence, we can conclude that ui (t) > kċk holds for all
t ≥ t0 if ui (t0 ) > sup kċk. Then, the singular points ui = 0
and vi cos φii = 0 can be avoided for all t ≥ t0 , and (24) also
holds for all t ≥ t0 . Since ūi ≤ uc + k2 r, we have
Z t
e−k1 (t−τ ) dτ
ui (t) ≤ e−k1 (t−t0 ) ui (t0 ) + k1 (uc + k2 r)
t0

−k1 (t−t0 )

d(ui cos φi )
d(ui sin φi )
=e
ui (t0 ) + (uc + k2 r)(1 − e−k1 (t−t0 ) )
cos θi +
sin θi = x̃¨i cos θi + ỹ¨i sin θi ,
dt
dt
≤ ui (t0 ) + uc + k2 r,
∀t ≥ t0 .
(27)
¨i = v̇i cos θi − vi ωi sin θi − ẍc ,
x̃
(18)
Thus, ui (t) is uniformly bounded. In turn, [x̃˙ i ỹ˙ i ]T is bounded
ỹ¨i = v̇i sin θi + vi ωi cos θi − ÿc ,
(19)
and p̃i (t) is well-defined for all t ≥ t0 in the sense that the
possibility of finite escape times is excluded.
yields
All these arguments are summarized in the following propou̇i cos φii = v̇i − (ẍc cos θi + ÿc sin θi ) + γi ui sin φii . (20) sition.
Proposition 3.1: Consider N systems in the form of (6)
Noting that φii denotes the vectorial angle from vi to ui ,
it follows from (8) that if ui > kċk, then vi 6= 0 and φii ∈ and (20) under assumptions [A2]-[A4]. If ui (t0 ) > sup kċk,
[0, π/2), i.e., vi cos φii 6= 0. Thus, the singular points ui = 0 i ∈ O, controllers (9)-(10) with (11)-(12) guarantee that Γ1
is positively invariant for the closed-loop system, and ui 6= 0
and vi cos φii = 0 can be avoided if ui > kċk.
and
vi cos φii 6= 0 hold for all [p̃T uT ]T ∈ Γ1 . Moreover, u is
Next, supposing that ui (t) > kċ(t)k holds, and using (6)-(7)
uniformly bounded and p̃ is globally well-defined.
yield
¨i sin φi )/ui .
γi = (ỹ¨i cos φi − x̃

(21)
D. Asymptotic Stabilization of Γ2 Relative to Γ1

Substituting (18) and (19) into (21) leads to
ẍc sin φi − ÿc cos φi − v̇i sin φii + vi ωi cos φii
,
γi =
ui

(22)

In the second step, we show that all vehicles can converge
to a circular motion around the moving-target with radius r.
i.e., prove that p̃i converge to r[sin φi − cos φi ]T . To this end,
define the tracking error p̄i := [x̄i ȳi ]T as

(23)

x̄i = x̃i − r sin φi , ȳi = ỹi + r cos φi .

and then substituting (10) into (22) gives
γi = γ̄i .

(28)
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Consider a Lyapunov function candidate Vi (p̄i ) = 21 p̄Ti p̄i .
Taking the time derivative of Vi (p̄i ) along system (6) yields
V̇i (p̄i ) = (x̄i cos φi + ȳi sin φi )(ui − rγi ).

(29)

Using Proposition 3.1, ui > sup kċk and vi cos φii 6= 0 for all
[p̃T uT ]T ∈ Γ1 , and then (23) holds for all t ≥ t0 . Define
∆i = x̄i cos φi + ȳi sin φi .

(30)

Substituting (12) and (23) into (29), using
−[cos φii sin φii ]ci = x̄i cos φi + ȳi sin φi = ∆i ,

(31)

and recalling the property (iii) of function σ(·) lead to
V̇i (p̄i ) = −k3 ∆i σ(∆i ) ≤ 0.

(32)

Define Si = {p̄i ∈ R2 : V̇i (p̄i ) = 0}. From Proposition 3.1
and (28), p̄i (t) is well-defined for all t ≥ t0 . This fact and
the fact that V̇i (p̄i ) ≤ 0 imply that Si is globally stable. By
(32), we have Si = {p̄i ∈ R2 : ∆i = 0}. When ∆i = 0, it
follows from φ̇i = γi , (12), (23), and (31) that φ̇i = ui /r >
sup kċk/r and then φi is time-varying. Thus, set {p̄i ∈ R2 :
p̄i 6= 0, ∆i = 0} is an unstable equilibrium set, and we
have Si = {p̄i ∈ R2 : p̄i = 0}. By LaSalle’s Invariance
Principle, every trajectory p̄i (t) approaches Si as t → ∞,
i.e., every p̃i (t) converges to r[sin φi (t) − cos φi (t)]T for any
p̃i (t0 ) ∈ R2 . Thus, p̃(t) is globally uniformly bounded and
Γ2 is globally asymptotically stable relative to Γ1 .
All these arguments are summarized in the following proposition.
Proposition 3.2: Consider N systems in the form of (6) and
(20) under assumptions [A2]-[A4]. Controllers (9)-(10) with
(11)-(12) guarantee that p̃(t) is globally uniformly bounded,
and Γ2 is globally asymptotically stable relative to Γ1 .
Remark 3.2: Although topology switchings of G(ϕ) may
occur when ϕ(i+)i = 0, ∀i ∈ O, it follows from Propositions
3.1 and 3.2 that each vehicle converges to the circular motion
around the target independent of the topology of G(ϕ).
E. Asymptotic Stabilization of Γ3 Relative to Γ2
In the third step, we show that vehicles which are orbiting
around the target can maintain evenly spaced.
According to the neighboring strategy, for vehicles traveling
along a common circle, the sensor graph G(ϕ) is a cycle unless
it is at a switching instant, i.e., an instant ts when ϕ(i+)i (ts ) =
0, ∀i ∈ O. The cycle G(ϕ) will remain to be degenerate
if there exist at least two synchronized vehicles traveling on
the circle. In this case, we can show that all the vehicles are
synchronized as follows.
Suppose that the vehicles under assumption [A1] converge
to set Γ2 in which two neighboring vehicles k and k+ are
synchronized, i.e., ϕ(k+)k = 0, φk = φk+ , and φ̇k = φ̇k+ .
Since φ̇i = ui /r, ∀i ∈ O, then uk = uk+ and u̇k = u̇k+ .
By (24), we have ūk = ūk+ . Then, it follows from (11)
that sin 14 (0 − ϕk(k−) ) = sin 14 (ϕ(k++)k+ − 0). Since sin z4
is monotonous if z ∈ [0, 2π) and ϕ(i+)i ∈ [0, 2π), for all
i ∈ O, then sin 14 (−ϕk(k−) ) = sin 41 (ϕ(k++)k+ ) = 0 and
ϕk(k−) = ϕ(k++)k+ = 0. By induction, ϕ(i+)i = 0, ∀i ∈ O,
which implies that all the vehicles are synchronized.

This scenario occurs if all the vehicles start with the same
state (N vehicles reduce to one vehicle) or all the vehicles
achieve synchronization under the proposed controllers. However, the vehicles are not initially co-located under assumption
[A1], and as analyzed below, the proposed controllers (9)(10) with (11)-(12) make vehicles approach separation instead
of synchronization. Therefore, it can be concluded that the
cycle will not remain to be degenerate unless the vehicles are
synchronized already.
Since vehicles are traveling along a circle, i.e., [p̃T uT ]T ∈
Γ2 , each separation angle ϕ(i+)i can be calculated by
ϕ(i+)i = φi+ − φi + εi ,

(33)

where εi is defined as εi = 2π if φi+ − φi < 0, otherwise
εi = 0. If all vehicles are dispersed on the circle, there is only
one εi equal to 2π and all others are 0. Then, we further define
χi = ϕ(i+)i − ϕi(i−) ,

(34)

and thus χi ∈ (−2π, 2π). By denoting χ = col(χ1 , ..., χN )
and φ = col(φ1 , ..., φN ), we have χ = −L(ϕ)φ + ζ, where
L(ϕ) is Laplacian matrix of G(ϕ) and ζ = col(ζ1 , ..., ζN )
with ζi = εi − εi− . Moreover, define a function s(z) : RN →
[−1, 1]N as
z1
zN
s(z) = col(sin , ..., sin
),
(35)
4
4
where zi is the ith entry of z. Note that s(z) is monotonous
if z ∈ (−2π, 2π)N , and s(0) = 0 if z = 0. Denote ū =
col(ū1 , .., ūN ), and it follows from (11) that ū = uc 1N +
k2 rs(−L(ϕ)φ + ζ).
Next, define Υ = [−π, π)N ×(sup kċk, +∞)N and consider
a locally Lipschitz function V(φ, u) : Υ → R as
V = 2(u − ū(−L(ϕ)φ + ζ))T L(ϕ)(u − ū(−L(ϕ)φ + ζ))
+ 2k22 r2 sT (−L(ϕ)φ + ζ)L(ϕ)s(−L(ϕ)φ + ζ).

(36)

Since the topology of the sensor graph G(ϕ) may switch,
V(φ, u) is not continuously differentiable at the switching
instants if there is any. However, the topology of G(ϕ) remains
unchanged when not at the switching instants, and V(φ, u) is
piecewise continuously differentiable along the solutions of N
systems (24) and φ̇i = ui /r.
Motivated by [14], the upper right-hand time derivative of
V, i.e., D+ V is used for analysis. Since G(ϕ) is a cycle
when it is not at the switching instants if there is any,
L(ϕ) = LT (ϕ) and L(ϕ)ū = k2 rL(ϕ)s(χ). By using
χ = −L(ϕ)φ + ζ, φ̇ = ū/r + (u − ū)/r, u̇ = −k1 (u − ū),
and ū = uc 1N + k2 rs(χ), and denoting ǔ = u − ū and
W (χ) = diag(cos χ41 , ..., cos χ4N ), we obtain
D+ V = 4ǔT L(ϕ)(−k1 ǔ − D+ ū) − k22 rsT (χ)L(ϕ)W (χ)L(ϕ)ǔ
− k23 r2 sT (χ)L(ϕ)W (χ)L(ϕ)s(χ)

= −4k1 ǔT L(ϕ)ǔ + k2 ǔT L(ϕ)W (χ)L(ϕ)ǔ

+ k2 ǔT L(ϕ)W (χ)L(ϕ)ū − k22 rsT (χ)L(ϕ)W (χ)L(ϕ)ǔ

− k23 r2 sT (χ)L(ϕ)W (χ)L(ϕ)s(χ)
= −(u − ū)T (4k1 L(ϕ) − k2 L(ϕ)W (χ)L(ϕ))(u − ū)
− k23 r2 sT (χ)L(ϕ)W (χ)L(ϕ)s(χ).

(37)
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D+ V ≤ 0.

(38)

Define S = {[φT uT ]T ∈ Υ : D+ V = 0}. It follows from
(11), (37), and L(ϕ)1N = 0 that S = {[φT uT ]T ∈ Υ : χ =
χ
−L(ϕ)φ + ζ, sin χ4i = sin 4j , ∀i, j ∈ O}. Using (34) yields
PN
i=1 χi ≡ 0, which together with χi ∈ (−2π, 2π), ∀i ∈ O,
implies S = {[φT uT ]T ∈ Υ : −L(ϕ)φ + ζ = 0N } and
ū = uc 1N by (11). According to (24) and ū = uc 1N , S =
{[φT uT ]T ∈ Υ : −L(ϕ)φ + ζ = 0N , u = uc 1N }. By Lemma
2.2, [φT (t) uT (t)]T approaches S, i.e., χ(t) → 0N and u(t) →
uc 1N as t → ∞. It follows from (34) that lim ϕ(i+)i (t) =
t→∞
P
lim ϕ(j+)j (t), ∀i, j ∈ O. By (33), N
ϕ(i+)i ≡ 2π and
i=1
t→∞
then lim ϕ(i+)i (t) = 2π/N , ∀i ∈ O. Thus, Γ3 is globally
t→∞
asymptotically stable relative to Γ2 .
The above analysis is summarized in the following proposition.
Proposition 3.3: Consider N systems in the form of (6)
and (20) under assumptions [A1]-[A4]. Controllers (9) with
(11) make Γ3 globally asymptotically stable relative to Γ2 .
Remark 3.3: The topology of G(ϕ) may switch as ϕ varies,
and switching only occurs when ϕ(i+)i = 0, ∀i ∈ O. As in
[14], the upper right-hand time derivative of the Lyapunov
function candidate is used for stability analysis in this case.
When [p̃T uT ]T enters a small neighborhood of Γ3 , the topology
of G(ϕ) will not switch.
F. Proof of Theorem 3.1
Now, we are ready to prove Theorem 3.1 as follows.
Proof: Note that Γ3 ⊂ Γ2 ⊂ Γ1 . By Propositions 3.1,
Γ1 is positively invariant for the closed-loop system, which
together with Propositions 3.2 and 3.3 implies that condition
(i) of Lemma 2.1 is satisfied under assumptions [A1]-[A4].
Propositions 3.1 and 3.2 also imply that [p̃T uT ]T is uniformly
bounded and thus condition (ii) of Lemma 2.1 is also satisfied.
Since Γ3 is compact, Lemma 2.1 indicates that Γ3 is globally
asymptotically stable relative to Γ1 under assumptions [A1][A4]. Theorem 3.1 is thus proved.
Remark 3.4: Similar to [22], each vehicle needs to have
access to the motion of the target, which requires that the
sensor range is sufficiently large or the motion of the target
is a priori given. Moreover, in order to sense the neighboring
vehicles, the sensor range of each vehicle needs to be larger
π
. Similar to the analysis in [22], the sensor graph
than 2r sin N
G(ϕ) can become a cycle when all vehicles converge to the
circular motion around the target.
Remark 3.5: From a practical view of point, it is not easy to
measure the velocity and acceleration of the target. If they are
not a priori known to the vehicles, each vehicle is required
to be equipped with a speedometer and an accelerometer.
For example, a low-cost small-sized solid-state accelerometer
described in [27] can be used to measure the acceleration.

15
10
5
Y(m)

Since χi ∈ (−2π, 2π), then cos χ41 ∈ (0, 1] and the diagonal
matrix W (χ) is always positive definite. Noting that L(ϕ) is
the Laplacian matrix of a cycle, k1 > 43 k2 , and cos χ41 ∈ (0, 1],
4k1 L(ϕ) − k2 L(ϕ)W (χ)L(ϕ) is a symmetric and weak diagonally dominant matrix with all diagonal elements positive.
Thus, we have
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Fig. 2. Trajectories of all vehicles and the target during 0-180s.

Remark 3.6: In [17, 18], it was assumed that the target
is also a unicycle-type vehicle and all vehicles have constant
linear velocities. In [19] and [20], the velocity of the target
ċ(t) was assumed to be an unknown constant vector. While we
consider the case where the target moves along any trajectory
satisfying assumption [A2] with a time-varying velocity.
Remark 3.7: The objective for a spaced formation was not
included in [17, 18]. The spaced formation of two vehicles
and multiple vehicles under a fixed sensor graph was achieved
in [19] and [20] respectively. While with our proposed controller, an evenly spaced formation is achieved and can be
reconfigurable as in [21] when some vehicles are added into
or removed from the fleet.
Remark 3.8: It is shown in [21] that the tracking errors
with respect to circular motion around the target were locally
uniformly bounded and did not converge to zero. While with
our proposed controller, the tracking errors can globally converge to zero if assumptions [A2]-[A4] are satisfied. As stated
in Remark 2.1, assumptions [A3]-[A4] are less restrictive than
those in [22]. Compared with [22], our proposed controller can
be applied to the case where neither a global coordinate frame
nor communication among vehicles is available.
IV. A N I LLUSTRATIVE E XAMPLE
Consider a fleet of 5 nonholonomic vehicles (1) and a target
in a 2-D plane. The target c(t) and the desired radius r are
given by c(t) = [0.3t 0.06t sin(6 ln(t+1))]T and r = 5 respectively. The initial states of the vehicles are p1 (0) = [−10 5]T ,
p2 (0) = [−5 − 10]T , p3 (0) = [5 − 15]T , p4 (0) = [10 9]T ,
p5 (0) = [−5 10]T , θ1 (0) = π, θ2 (0) = −5π/6, θ3 (0) = 0,
θ4 (0) = π/6, and θ5 (0) = −π/3. The initial linear velocities
of the vehicles are v1 (0) = 1.5, v2 (0) = 1, v3 (0) = 3,
v4 (0) = 2, and v5 (0) = 2.5, which satisfies (17). Thus, the
initial condition ui > sup kċk is met. Set σ(·) = tanh(·) and
choose the parameters as uc = 2, k1 = 1, k2 = 0.6 and
k3 = 1.
Suppose that vehicle 5 leaves the fleet at the instant
tc = 63s. Fig. 2 presents the trajectories of the target and all
vehicles during 0 − 100s. During 0 − tc , all controlled vehicles
converge to an evenly spaced circular formation around the
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Fig. 5. Relative velocity ui (t).

target. When vehicle 5 leaves the fleet at tc , the remaining 4
vehicles adaptively reconfigure themselves and resume evenly
spaced again. Fig. 3 shows that the vehicles converge to the
common circle centered at the target with the given radius, as
described in Γ2 . Fig. 4 illustrates that the vehicles converge
to the evenly spaced formation independent of the number
of vehicles, as described in Γ3 . Besides, the discontinuous
points during 0-20s indicate that switchings of the sensor
graph have occurred. Fig. 5 shows that ui (t) > sup kċk and
ui (t) converges to uc . These results verify effectiveness of the
proposed controller.
V. C ONCLUSION
In this note, we have developed a cooperative controller for
multiple nonholonomic vehicles, such that vehicles converge
to an evenly spaced circular formation around a target moving
with a time-varying velocity. The proposed controller only requires each vehicle to measure the information of its neighbors
and the target in its local coordinate frame. Our future work
will focus on vehicles with limited local measurements and
analysis on collision avoidance.
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