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Abstract This paper studies leader-follower formation control of networked nonholonomic vehicles of unicycle
type. Each vehicle is subject to the velocity constraints consisting of saturated angular velocity and bounded
linear velocity with positive-minimum value. Each vehicle is allowed to use its local coordinate frame, and
the network topology is described by a directed graph containing a spanning tree. Two dynamic control laws
satisfying the velocity constraints are developed respectively, such that the leader-follower formation defined
in local coordinate frames can be achieved in two cases. The proposed control laws only require each vehicle
to use the information of its neighbors in the network via local measurements and communication. Finally,
effectiveness is illustrated by simulation results of an example.
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1 Introduction

Distributed multi-agent coordination has been an active topic since the last decade [1,12]. Due to the
rapid development of technology on unmanned vehicles, such as autonomous underwater vehicles (AUVs),
unmanned aerial vehicles (UAVs), mobile wheeled robots (MWRs), tethered space robots (TSRs) [5],
formation control of multi-vehicle systems has attracted much research interest, see [2,8,11,17,19] and
the reference therein. In particular, many works focus on vehicles of unicycle type [6], since unicycle can
be used to describe the simplified model of a UAV and an MWR [13]. In practice, the linear velocity
and angular velocity of a vehicle is bounded due to the thrust limitations. Besides, many vehicles are
subject to the stall condition such that they need to maintain a positive-minimum linear velocity, e.g., a
fixed-wing UAV [14]. Thus, it is of practical meaning to take into account these velocity constraints in
formation control of vehicles.

One fundamental formation control problem is to make each follower vehicle maintain a desired relative
position to the leader and follow the leader’s motion. Several works studied this leader-follower formation
control problem of vehicles subject to the velocity constraints. This problem reduces to trajectory tracking
control problem when only one follower is considered and the desired relative position equals zero. To
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address the velocity constraints, the authors in [14] developed a controller by using constrained control
Lyapunov functions. In [4], an additive uncertainty in vehicle dynamics was considered. Some works
studied multiple vehicles and considered the case where the desired relative position to the leader is
defined in inertial frame. In [9] and [10], the authors studied vehicles under static and time-varying
relative position sensor digraphs respectively. It was shown that the constraint of positive-minimum linear
velocity can be satisfied and broadcast communication was required for the leader to send its information
to all followers. In [18], the proposed control law only required each vehicle to use local information and
information from its neighbors, and all aforementioned velocity constraints can be satisfied. However, an
inertial frame implies a common reference direction for all vehicles. For vehicles with only local coordinate
frames, the authors in [3] and [15] studied the case with only one follower vehicle. It was shown in [3]
that the follower can stay in an arc of the circle centered in the leader’s frame while the leader moves.
In [15], the follower vehicle was made to converge to a desired relative position defined in the leader’s
frame when the linear velocity of leader is an unknown constant. In [7], the authors studied multiple
vehicles under a network of which the topology is modeled by a directed acyclic graph. It was shown
that the formation tracking errors can only converge to a neighborhood of zero.

In this paper, we propose a distributed dynamic control law for unicycle-type vehicles with velocity
constraints and local coordinate frames, such that the leader-follower formation can be achieved in two
cases. FEach follower only uses the information of its neighbors in a network by local measurements and
communication. The network topology is described by a directed graph containing a spanning tree. The
velocity constraints including the constraint of positive-minimum linear velocity are taken into account.
Different from [9, 10, 18], the desired leader-follower formation is described by relative positions defined
in leader’s coordinate frame.

The main contributions of this work can be summarized into three aspects. First, the proposed control
law allows vehicles with velocity constraints to use local coordinate frames, such that leader-follower
formation can be achieved in two cases. Compared with [9,10, 18], vehicles are not required to share a
common reference direction. Second, compared with [7], the network topology is not limited to a directed
acyclic graph and the formation tracking errors can converge to zero in two cases. Third, compared
with [15], multiple followers instead of only one follower are considered, and the linear velocity of leader
is allowed to be time-varying. Besides, the relative heading angles with respect to the leader can converge
to zero.

The rest of this paper is organized as follows. Section 2 presents the problem formulation and a
technical lemma. In Section 3, distributed formation control laws are proposed and stability analysis of
the closed-loop systems is presented. Section 4 shows simulation results of illustrative examples, which
is followed by the conclusions in Section 5.

2 Preliminaries

2.1 Problem Formulation

Consider a group of N 4+ 1 nonholonomic vehicles of unicycle type. The kinematic model of vehicle i is
described by:

ii = ’UiCOSgi, yi :visin&-, éi = Wi, i:O,l,...,N, (1)

where p; := [z; y;]T € R? is the absolute position and 6; € R is the heading angle in the inertial frame.
v; € R and w; € R are the linear velocity and angular velocity respectively, which are regarded as the
control inputs. Note that 6; and 0; + 2K;7m with K; € Z represent the same orientation in practice.

The following physical velocity constraints [14] of each vehicle are considered:

(%3 S [Uminu ’Umax]a Umax > Umin > 07 (2)

w; € [_Wmaxa Wmax]7 Wmax > 0. (3)
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Fig. 1 Illustration of the local coordinate frame.

The group of vehicles contains one uncontrolled vehicle labeled 0, and it is called leader. The others
labeled i, i = 1, ..., N, are followers. The leader which decides the group motion satisfies the following
assumption:

Assumption 1. v(t) and wy(t) are bounded, i.e., vo(t) € [v, 7|, wo(t) € [—w, W], Vt > tg, where v, T,
and @ are known constants satisfying [v, 7] C [Umin, Vmax] and [—@, @] C [~Wmax, Wmax)- n

In practice, the acceleration of a vehicle is bounded and thus the following assumption is made:

Assumption 2. ¥y(t) exists and is bounded for all ¢ > ¢. L]

Each vehicle only has access to the information of its neighbors in a network. The network topology is
modeled by a directed graph G described as follows. First, a directed graph G = {O, £} is used to model
the network among N followers. The directed graph G consists of a finite set of nodes O = {1,..., N}
representing N follower vehicles, and a set of edges £ C {(j,4) : j # i,1,j € O}, containing directed edges
from node j to node i. Then, combining G and node 0 (leader) yields the directed graph G = {O, £},
where O = O U {0}, and € = £ U {(0,4)}, i € O. A directed edge (j,7), j,i € O, means that the
information of vehicle j is available to vehicle . Node j is a neighbor of node i if (j,7) € £, and a set
N; C O denotes all neighbors of node i. Define a;; = 1 if (j,4) € £, otherwise a;; = 0, and denote the
Laplacian matrix of G by £. The following assumption is made on the directed graph G:

Assumption 3. The directed graph G contains a directed spanning tree with node 0 being the root.
L]

The network among vehicles is physically set up by the onboard sensor and communication device of
each vehicle. Different from [9,10,18], we assume that vehicles do not have a common reference direction.
Thus, the relative position p; — p;, j € Nj;, and the heading angle #; cannot be measured. In this case,
each vehicle uses its local coordinate frame, i.e., the Frenet-Serret frame, see Fig. 1 for illustration. Then,
p; and 0; measured in the coordinate frame of vehicle i can be expressed as

p) = [z} yi]" = R(0;)(p; — ps), 0 = 6; — 0;, (4)

cos(-) sin(+) ]
—sin(-) cos(-) |

The leader-follower formation considered in this paper is defined in the local coordinate frames. The
objective is to design a controller for vehicle 4, i = 1,..., N, such that pj converges to p}, + ho; and 6}(t)
converges to 2K,;m with K; € Z, where the constant vector hg; denotes the desired relative position to the
leader in the local coordinate frame of vehicle i. By default, hog = 0. Note that 96 =0 and 96 =2K;m
represent the same orientation, and 9;- is generally measured in (—27,27) in practice.

respectively, where R(-) = [

Now, the leader-follower formation control problem considered in this paper is formally stated as
follows:

Problem 1. Consider N follower vehicles and a leader vehicle. Given a directed graph G, for all initial
states pj(to) € R? and 6} (to) € (—2m,27),i=1,..., N, Vty > 0, find a dynamic control law in the form of

wi vi]" = e(ph, P}, 05), Py = K(ph, P, P, 0%),5 € Ni, (5)
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such that
tliglopo(t)—i—hmzo, tli)rgOHO(t):O, i=1,..,N, (6)

where p}, to be designed later, is an estimate of the information associated with the leader, functions
o(+) and k(-) are sufficiently smooth, and g(+) is properly bounded. ]

2.2 Technical Lemmas

The following lemma can be referred to as a comparison principle for vectorial differential equations. Say
that < y for , y € R" if the entries of « and y satisfy x; <y, i =1,...,n.

Lemma 1. Counsider the vectorial differential equation y = f(¢t,y) with y = [y1, ..., yn]* € R™ and
fit,y) = [filt,y), -, fu(t,y)]", where f;(t,y) is differentiable in ¢ and locally Lipschitz in y, for all
t >ty and all y € ¥ with ¥ being any subset of R™. Let [tg,7) (T could be infinity) be the maximal
interval of existence of the solution y(t) and suppose y(t) € U for all ¢ € [tg,T). Let (t) € R™ be a
continuous function of which the upper right-hand derivative D*x(t) satisfy the differential inequality

Da(t) < f(t.z(t)), =(to) < y(to), (7)
with x(t) € U for all ¢t € [to,T'). If for any i # j,
afi(t, ilt)
ey 0
then x(t) < y(¢) for all t € [to,T). ]

The proof is given in Appendix A.

3 Main Results

In this section, we solve Problem 1 in two cases. For each case, a distributed dynamic control law is
proposed. In the first case, the leader vehicle is assumed to move in a linear motion. In the second case,
this assumption is removed but the desired relative position hg; is limited.

3.1 Case 1: A Leader Moving in a Linear Motion

In this case, we assume that the leader is moving in a linear motion. As in [18], the desired relative
position hg; is not known to vehicle 7, and each follower vehicle i only knows a constant vector h;;,
j € Nj, which denotes the desired relative position to vehicle j in the local coordinate frame of vehicle i.
The assumption on Case 1 is summarized as follows.

Assumption 4. The angular velocity of the leader satisfies wy(t) = 0, Vt > to. Each follower vehicle i
does not know hg; and only knows hj;, j € N;. =

First, define the tracking error pe; = [Te; Yei]” as
Pei = Pl + R(—0))hoi, Oci = 0. 9)
Taking its time derivative yields the following error dynamics:

. cos 0;
Pei = WiSPei + Vo “

01
WhereS:l ]ansz[ll.
-10 0

To solve Problem 1, it suffices to show that p. = col(pe1, ..., pen) and 8, = col(be1, ..., 0.n) converge
to zero as t — oo.

1 —0Q, bei = —w;, (10)

sin 981'



Author version of DOI: 10.1007/s11432-016-9094-1 Yu X, et al. Sci China Inf Sci 5

However, pe;, 0}, and vy are not known to the follower vehicles. In this case, set an internal state
[PL, O ;)" for each vehicle i. Let Pes, 0ei, and ¥; be the estimate of pg;, 0., and v for vehicle i
respectively.

Then, we propose a dynamic control law for each follower vehicle i as follows.

k1Ze;

\V 1 + ﬁ;‘ﬁei '

v = sat(f;i,U, Q) +

o — ks sinf%i N ko sat(0;, 0, v) (Jei C(iS % — Ze; Sin 951' ) , (12)
V1+DgDei V1+DgPei

i)ei = wisﬁei —+ f)i[COS éei sin éei]T — UiQ + 12 Z Q5 (R(—@;)ﬁej — ﬁei + p; + R(—éei)hﬁ), (13)

JEN;
éei = —w; + 1 Z Q5 (éej - éei + 0;)7 (14)
JEN;

- 1 : . .

b= == Y, a0 + p(b; — i), (15)
Z i JEN;

JEN;
where p is any positive constant, k1, ko, and k3 are positive constants satisfying
kl < min(vmax —U, vu— Umin)u 2k2E + k3 < Wmax- (16)

Function z = sat(a,b,c) : R3 — R is defined as z = a, if c<a <b;z=0b, ifa>band z =¢, ifa <c.
The initial state [p7;(to) e (o) 9:(to)]™ can be arbitrarily selected in R2 x R x R. By default, peo = [0 0]"
and [éeO ﬁo]T = [0 ’UQ]T.

To implement dynamic control law (11)—(15), the onboard sensors of vehicle i is required to measure
the relative states pz- and 9;- in its local coordinate frame, and the communication device of vehicle 7 is
used to receive the information [pg; 0c; ;] from its neighbors. The design of (13)—(15) are based on the
information of vehicle 7 and the information from its neighbors, and thus can be viewed as a distributed
observer. Then, dynamic control law (11)—(15) can be described in the form of (5).

Before the main result of Case 1 is presented, a property of the distributed observer (13)—(15) is given
in the following proposition. This property is required in establishing the stability analysis for the main
result of Case 1.

Proposition 1. Consider the distributed observer (13)-(15), a leader vehicle and directed graph G.

Under Assumptions 1-4, for any initial states [pX;(to) 0Oei(to) 0:(t0)]", ¢ = 1,...,N, Vtg = 0, each
[P, (t) ei(t) 0:(t)]" converges to [pTi(to) 05(t) vo(t)]T exponentially as t — oo. L]
Proof. Define

Pei = [Tei Jei] = Pei — Peir Oei = Oei — Oeiy i = 0; — g (17)

Note that the Laplacian matrix £ of the digraph G can be partitioned as follows:

_ 0 0
Z- (_AOlN H) as)

where Ay = diag(aio, ..., ano). By Assumption 3 and Lemma 1 in [16], H is nonsingular and all eigenvalues
of H have positive real parts. Then, —H is Hurwitz and there exist a;, 81 > 0 such that

le A || < aye™1%, Vs > 0. (19)

Using (14) and (17) gives

9”‘ =M Z aij (éej — eei)- (20)
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Denoting 6, = col(éel, cey éeN), N systems in the form of (20) can be rewritten into the following compact
form:

0. = —uHB,. (21)

Thus, 0,(t) = e #(=10)@ (1) and it follows from (19) that @, (t) converges to zero as t — oo.
Using (15) and (17) yields

Z aij(U; — 0;) = —p Z ai; (U5 — 0;). (22)

JEN; JEN;
Defining 6; = >_ ¢ . aij(0; — 7:), (22) becomes
6; = —pb;, i=1,...,N. (23)
Then, denote © = col(?1, ..., Uy ), and we can obtain
(61, .... 08" = uHb. (24)

It follows from (23) that &;(t) = e~ (=) §;(ty). Thus, © converges to zero exponentially as t — oc.
Next, it follows from

R(—9§)Pej + Pé + R(—0.i)hji = Pei (25)
(10), (13), and (17) that
Pei = wiSPei + 11 Y aij(R(=00)Pe; — Pes) + A, (26)
JEN;

where A; is defined as

A; = (0 — ;) [Cos?ezl + o [coséei —cosﬁei] '

sin 961' sin 981' — sin 981'

Consider a Lyapunov function candidate

- 1 ...
V(pei) - §pzipeia

and taking its time derivative along the trajectories of (26) leads to

o 1 . 1, . 1, . L - i\~ o~
V(Pei) = 5%(5 +87)Pei + E(p;‘Ai + AjPei) + 1 Z aij(i(pziR(og)pej + De; R(0))Pei) — PriDei)
JEN;
< AIBEN + 1Y s ([Besl[Besll — [1Beill?)- (28)

JEN;

Define pe; = [|Peil|. Since V(Pei) = V(Pei) = £P%, it follows from (28) that the right time derivative of
De; satisfies

D¥pei <Al + 1Y aij(Pej — Pei). (29)
JEN;
Denote p. = col(Pe1, ..., Pen) and A = col(||Ay][, ..., |Ax]]). Then, N inequalities in the form of (29)

can be written in the following compact form:

D p. < —pHp, + A. (30)
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It follows from (30) and Lemma 1 that
t —
Pe(t) < e MU0 p (1g) + / e =T A(T)dr.
to

Since #;(t) converges to vo(t) exponentially and f.;(t) — converges to .;(t) exponentially as ¢t — oo,
A;(t) converges to zero exponentially as t — oo, i.e., there exist a2, B2 > 0 such that [|A[ <
age=P2(0) | A(to)||, Vto = 0.

Then, by (19), we have

t
1) < e ||pe(to)] +/t le™* =D A(r)||dr
0

t
< alHﬁe(to)He—Bl(t—to) +/ alage_ﬂl(t_T)_BZ(T_tO)||A(t0)||d7
to

t
< a1 1B (t) ||le P E—to) + ajoel||At eP2to—pit e(B1=82)T 1
< ai|pe(to)|| 10| A(to

to

It follows that if 87 = (32,
Ipt)]| < ax[[Bto)lle™P0~") + ayan || A(to)[le ),

otherwise it follows that

IP(0)] < np(ro) e 7100 4 S Afto) e 1) — om0
1 2

Thus, pe(t), i.e., each ||Peit)||, converges to zero exponentially as ¢ — oco. This completes the proof. =
Now, we are ready to present the main result of Case 1.

Theorem 1. Problem 1 is solved by dynamic control law (11)—(15) under Assumptions 1-4, while
velocity constraints (2) and (3) are satisfied. L]

Proof. Define
U; = sat(0;,7,v) — vy, (31)
and let
Xi = [Pei Ocil”, & = [Pei Oes 0; | (32)

The closed-loop system consisting of (10) and (11)—(15) can be written in the form of

Xi = f(xivo(t)) +g(xi, &, vo(t)), (33)
with
Weilfei — Vei + Vo €08 Og; Yei (Wi — wei) — (Vi — Ves)
F(xi,vo(t)) = —WeiTe; + Vo SN Oc; ., 9(Xi,&irvo(t)) = —Zei (Wi — Wei) ) (34)
—Wei —(wi — Wei)
where

kQUO (yei COs Oei _ T SIN eﬁi) + kg sin 9;

Wei = 2 2 5 (35)
1+ Dlpei
k et
Vi = Vg + —m s (36)

NAER
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Then, Corollary 2.1 in [18] can be used to show that system (33) is uniformly stable at x; = 0 for all
Xi € X with

X ={(z,y,0)|]r €R, yeR, 6 (—2m, 2m)}. (37)

To show conditions (i)—(iii) in [18, Corollary 2.1] are satisfied, the remainder of the proof can be divided
into the following three steps.
Step 1: Prove that the nominal system x; = f(xi, vo(t)) is uniformly stable at x; = 0 for all x; € X.
Step 2: Show that &€(¢) converges to zero exponentially as ¢t — 0.
Step 3: Verify that g(x:, &, vo(t)) satisfies

1g(xi: & vo(O)| < 1&llO1 (1&:1]) + 1€l 1x:1O2(11&:1);

where ©1, O3 : R>o — R>( are continuous functions.
By Proposition 1, £(t) converges to zero exponentially as ¢ — 0, which completes the proof of Step 2.
The proofs of Step 1 and Step 3 can be done by mimicking the proof of Theorem 3.1 in [18].

Finally, since vy and wy satisfy Assumption 1 and \/lfgiﬂﬁei’ \/l-ll-j;zfiﬁei € (—1,1), then kq, ko and ks
can be tuned by (16). Then, velocity constraints (2)—(3) can be satisfied. m

Remark 1. The design of the distributed observer (13)-(14) is different from that in [18] since a
common reference direction is not available and p; —p;, 8;, 6; cannot be measured. The stability analysis
for proving Proposition 1 can be established by using Lemma 1 which is not needed in the proof of Lemma
3.1 in [18]. ]

3.2 Case 2: Limited Desired Relative Position

In this case, the assumption that wg(t) = 0, Vt > tg, is not required, while the desired relative position
ho; needs to satisfy certain condition. In this case, the geometry of the formation cannot be arbitrarily
set. Unlike Case 1, hg; is assumed to be known to vehicle ¢. The assumption on Case 2 is summarized
as follows.

Assumption 5. The desired relative position hg; is a constant vector in the form of hg; = [0 ;]*, and
is known to the follower vehicle . [

First, define the tracking error pe; = [Te; yei]” as
Pei = Py + hoi, Oc; = 05 (38)

Taking its time derivative yields the following error dynamics:

. c0s B; .
Dei = WiSPei + V0 | el] —0;Q — wir;Q, Oci = wo — wj. (39)
sin 0,;
As in Case 1, we are aimed to show that p. = col(pe1, ..., pen) and 0. = col(be1, ...,0.n) converge to

zero as t — oo. Similar to that in Case 1, an internal state [p; 0c; 0; @;]" is set for each vehicle 7. Let
Deis éei, v;, and w; 1= éei + w; be the estimate of pe;, i, vo, and wq for vehicle ¢ respectively.
Then, we propose a dynamic control law for each follower vehicle ¢ as follows.

k1ie

v; = sat(0;,7,v) + — — w;Ty, (40)
\/ 1 +ﬁ:iﬁei
Jos sin Zet ko sat(0;, 0, v)(Ye; cOs bei _ . sin Y
w; = sat(@;, @, W) + ——ee 2 4 2 (83,9, 0)(Fei €08 75+ — deisin 73 ), (41)

\/ 1 + ﬁ;‘ﬁei \/ 1 + ﬁgiﬁei

Pei = wWiSPe; + ifcos fc; sin 0ei]” — v:Q — wiriQ

+ 1Y @i (R(=0)Pej — Pei + Pl + hoi — R(—0))hy;), (42)
JEN;
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B 1 - 5 i i
Oci = D aii((@ — wi) + p0ej — bes +6))), (43)
Z Aij jeN;
JEN;
1

b = > ai(b; + p(; — 9:)), (44)
Z Aij jeN;
JEN;
where p is any positive constant, and ky;, ke, and k3 are positive constants satisfying

k1i < min(vmax — T — Wry, U — Umin — @r4), 2ka® + k3 < Wmax — ©. (45)

The initial state [T, (to) Oei(to) 9i(to) @i(to)]™ can be arbitrarily selected in R? x R x R x R. By
default, peo = [0 0] and [fo 0o @o]™ = [0 vo wo]™. The implementation of dynamic control law (40)—(44)
is similar to that in Case 1, and additionally requires vehicle j to send constant r; and information @; to
vehicle i. The proposed control law also can be described in the form of (5).

To establish the main result of Case 2, a property of the distributed observer (42)—(44) is needed and

is given in the following proposition.
Proposition 2. Consider the distributed observer (42)-(44), a leader vehicle and directed graph G.

Under Assumptions 1-3 and 5, for any initial states [PL;(to) Oei(to) 0:i(to) @i(to)]™, i = 1,..., N, Vg = 0,
each [PZ;(t) Oe;(t) 0;(t) @i(t)]T converges to [pT;(to) 04(t) vo(t) wo]™ exponentially as t — oc. m
Proof. Define

Dei = [Zei Yei]| = Pei — Peis ei = ei — bei, Ui = 0 — v, Wi = W; — wo. (46)
Using (43) and (46) yields
D il —0ei) = —p Y aij(0e; — Oei).- (47)
JEN; JEN;

Defining §; = Zje/\/i a;j(0ej — Oei), (47) becomes
8 = —pd;, i=1,...,N. (48)
Then, denote 0, = col(éel, ey 9~8N), and we can obtain
[61,....0n]" = nHO.,. (49)

It follows from (48) that d;(t) = e~ (*=%)§,(¢). Thus, 6, converges to zero exponentially as t — oo.
Denote w = col(wy, ...,on). With &g = wp, we have

(61, zsN]T — uH(® — 1y ® wo). (50)

By (23), 5; (t) converges to zero exponentially as t — co. Then, w converges to 1y ® wp(t) exponentially
as t — oo. Similarly, we can prove that 9;(t) converges to vy (t) exponentially as t — cc.

Next, using (39), (42), (46), and R(—=6%)pc; + p} + hoi — R(—0})ho;j = pei gives

Pei = wiSPei + 11 Y aij(R(=00)Pe; — Pes) + A, (51)
JEN;
which is the same as (26). The remainder of the proof can be referred to the proof of Proposition 1. =
Now, the main result of Case 2 is stated as follows.

Theorem 2. Problem 1 is solved by distributed dynamic control law (40)—(44) under Assumptions 1-3
and 5. Moreover, if

i < min(”ma"w —vz _w”mi“ ), (52)

velocity constraints (2)—(3) are satisfied. L]
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Similar to Case 1, the proof of Theorem 2 can be done as follows.
Proof. Define

v; = sat(0;,7,v) — vo, W; = sat(W;, W, w) — wo, (53)

and let

Xi = [Pei Oci]™s & = [Dei Oei Vi |". (54)

The closed-loop system consisting of (10) and (11)—(15) can be written in the form of

Xi = F(xi, (1) +g(xi, &, v(1)), (55)

with v := [vg wo]”,

Weillei — Vei + Vo COS Oe; Yei(wi — Wei) — (Vi — Vei)
f(le 7(0) = —Weileq + Vo Sin oei ) g(Xu €ia W(t)) = —Tei (wi - wei) ) (56)
Wo — Wes —(wi - wei)
where
961’ 3 eei 3 eei
s — wy 4 kavo (Yei cOs S — Te; SN 75 ) + ks sin 5 (57)
V1+Dplipei
k1iTe;

Vei = Vo + — Weily- (58)

V1 +DgiPei
Then, the proof to show that system (55) is uniformly stable at x; = 0 for all x; € X with X =
{(z,y,0)|x € R, y eR, 0 € (=2, 2m)}, is the same as that in the proof of Theorem 1.

Finally, noting that vy and wq satisfy Assumption 1 and Vlf;ifiﬁci7 Jlf;%iﬁa € (—1,1), if r; satisfies
(52), the parameters ky;, k2 and k3 can be tuned based on (45) such that velocity constraints (2)—(3) are
satisfied. L]

Remark 2. The reason that Problem 1 is solved only in these two cases is given as follows. In a general
case where hy,; is not limited and wy(t) = 0, Vt > t¢, is not satisfied, it is not possible to simultaneously
make Z;, Yei, and O,; converges to zero. Mathematically, if wo(t) = 0, Vt > to, is not satisfied, the error
dynamics in Case 1, i.e., (10) becomes

. cos O¢;
Pei = Wi SPei + Vo “

1 — 0iQ — woSR(—0))ho;, O = —w;. (59)

sin 961'

Even if [ze; 0.;]" converges to zero, y.; cannot converge to zero accordingly. This fact can be observed
from the dynamics of y.;, i.e.,

Yei = —W;iTei + v 8inbe; + wo [COS fe; sin Hei]hol». (60)
When [z¢; 0.:]" =0, (60) becomes
Yei = wo[l Ohg;. (61)

There exists no control channel in the error dynamics (61), which results from the nonholonomic constraint
&;8in6; — g; cosB; = 0 in each vehicle (1). Tt follows from (61) that §.; = 0 only if [I 0]hg; = 0, which
coincides the assumption ho; = [0 r;]" in Case 2.

Although wyq is not limited and the geometry of the formation is arbitrarily set in [18], yet it can be
observed from (6) that the objective tlggo py(t) + ho; = 0 is not as the same as that in [18]. Note that
in [18], a common reference direction is required for all vehicles, and the result in [18] cannot applied to
vehicles with local coordinate frames. [
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Fig. 2 The directed graph G describing the network among vehicles.

Remark 3. 1In [15], formation of only one follower was studied, and the objective to make 6.; converge to
zero was not considered. While we take into account multiple followers and the objective tlim 04(t) = 0.
—00

Besides, vp is allowed to be time-varying and the upper bound of v; can be guaranteed. In [7], the
network topology was assumed to be a directed acyclic graph and it was shown that the tracking error
Pe; converges to a neighborhood of zero. While graph G satisfying Assumption 3 includes graphs defined
in [7] as a special case, and the proposed control law can make p.; converge to zero in two cases. [

Remark 4. The proposed control laws in this paper and those in [9, 10, 18] can be applied to the
leader-following consensus problem of vehicles by setting hgy; to 0. Since a common reference direction is
not required, the result in this paper has an advantage over those in [9,10, 18] for solving the consensus
problem. [

Remark 5. In both cases, even though the follower vehicle can identify the leader, yet some followers
cannot obtain the information of the leader, since the fixed network topology is prespecified and there
exist no directed edges from the leader node to those follower nodes in G. Furthermore, in Case 1, each
follower only knows hj;, j € N; and has no knowledge of hg;. Thus, the problem in both cases cannot
be simply divided into several tracking problems of a single vehicle. [

4 Illustrative Examples

In this section, we verify effectiveness of the proposed control laws (11)—(15) and (40)—(44) in the described
two cases respectively.

Consider 5 follower vehicles (labeled 1-5) which are desired to converge to the formation with respect
to a leader vehicle (labeled 0). The directed graph G is shown as in Fig. 2. The velocity constraints
are given as v; € [3 — 1.8v/2, 3 + 1.8y/2] and w; € [-0.671, 0.671]. The bounds of the group reference
velocities are v;” = 4.5, v, = 2 and w;” = 0.3. The initial states of follower vehicles, [z;(0) y;(0)]"
0;(0), i =1,.., N, are listed in Table 1.

and

Table 1 The initial states of follower vehicles

Label  [2;(0) y:(0)]"  6;(0)

1 [—40 10]7 ™
2 [-20 —40]"  57/6
3 25 — 60" 0
4 [50 —0]*  —27/3
5 (50 10]" 0

In Case 1, the linear velocity and angular velocity of the leader vehicle are given as vg(t) = 3.25 —
0.25 c0s0.24t and wp(t) = 0. Based on (16), tune the design parameters k1 = 1.5, ko = 0.0855 and ks =
0.5. The initial state of leader is [pg 6p]" = [0 0 7/6]". For follower vehicles, the desired relative positions
to the leader are given by [hl; hiy his his his]" = [-30 — 30 0 30 30]" and [hf;, hiy his his his]™ =
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[0 —30 —30 —30 0]". The initial states [p7;(to) Gei(to) ¥i(to)]™ of follower vehicles are listed in Table 2.

Table 2 The initial states of variables in (13)—(15)

Label Pei(0) 0i(0)  0;(0)
1 [~15.51 22.86]  0.1r 3
2 [-25.66 — 50.55]"  0.7w 3.5
3 251 —22.39]" 087 4.5
4 [79.72 12.81]* 0.57 2.5
5 20 — 18]" ldr 2

Fig. 3 presents the trajectories of all vehicles during 0 — 120s, which shows that the vehicles converge
to the desired formation. Fig. 4 and Fig. 5 show that the formation tracking errors pe;(t) and 6;(t)
converge to zero respectively. Fig. 6 and Fig. 7 show that velocity constraints (2)—(3) are always satisfied.

In Case 2, the linear velocity and angular velocity of the leader vehicle are given as vg(t) = 1.25 —
0.25 c0s0.24¢ and wy(t) = 0.05 cos(0.2t). Based on (45), tune the design parameters k1; = 1.5, ko = 0.0855
and k3 = 0.5. The initial state of leader is [pg 6o]" = [0 0 7/3]". For follower vehicles, the desired relative
positions to the leader are given by hg; = [0 r;]*, i = 1,...,5, with [rq ro 73 74 75]" =[-10 1510 5 — 5].
The initial states [PT;(to) fes(to) 9i(to)]™ of follower vehicles are the same as listed in Table 2, and the
initial states (I)i(to) are [(I)l (to) (2)2(150) @3(f0) (1)4(150) @5(t0)]T = [01 —0.20.40.25 — 0.15]T.

Fig. 8 presents the trajectories of all vehicles during 0 — 200s, which shows that the vehicles converge
to the desired formation. Fig. 9 and Fig. 10 show that the formation tracking errors p.;(t) and 6., (t)
converge to zero respectively. Fig. 11 and Fig. 12 show that velocity constraints (2)—(3) are always
satisfied.

These simulation results illustrate effectiveness of the proposed control law.

5 Conclusion

In this paper, we have developed a distributed dynamic control law for networked unicycle-type vehicles,
such that all follower vehicles with local coordinate frames converge to the desired leader-follower for-
mation in two cases, while their velocity constraints including the constraint of positive-minimum linear
velocity are always satisfied. For the future work, we will consider the internal uncertainties in the vehicle
model and/or the external disturbances.

Appendix A Proof of Lemma 1

Lemma 1 is proved by the following two steps.
Proof. Step 1: Since f(t,y) is differentiable in ¢ and locally Lipschitz in y, then there exists a unique solution y(¢) such
that ¥y = f(t,y), y(to) = yo. For any ¢ = 1,2,--- ,n, if ® < y and z; = y; at time ¢, then it follows from the condition
L) > 0,vi# j that fi(t, @) < fi(t,y)-

Step 2: Prove the lemma by contradiction. If there exist io and t;, € [to,T’) such that x;,(t;,) > vi, (tiy), then there
must exist i, t1 € [to,T) and 6 > 0 such that x;(t1) = yi(t1), i (t) > yi(t) for t € (t1,t1 4+ 6) and x;(t1) < y;(t1) for any
j #i. Then, x(t1) < y(t1) holds. By Step 1, we have f;(t1,x(t1)) < fi(t1,y(t1)). Furthermore,

14 At) — x;(t
DT z;(t1) = limsup zilti + A1) — zi(th)

At—o+ At
i (¢ At) — y;(t
> limsup vilti + &) = i(t1) =9i(t1). (A1)
At—0TF At
However, it follows from (7) that Dt x;(t1) < fi(t1,x(t1)) < fi(t1,y(t1)) = ¥:(t1), which yields a contradiction.
The proof is thus completed. ]
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