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Target Enclosing and Trajectory Tracking for a
Mobile Robot With Input Disturbances

Xiao Yu and Lu Liu

Abstract—This letter investigates two control problems of
a unicycle-type mobile robot: target enclosing and trajectory
tracking. The existence of disturbance in velocities, i.e., the input
channels of a mobile robot, is considered in both problems. The
input disturbance is assumed to be generated by a linear exoge-
nous system, which can be used to describe linear combinations
of a finite number of sinusoidal signals and step signals. Two
dynamic control laws are proposed respectively, such that the
disturbance rejection is achieved and global asymptotic stability
of the closed-loop system is guaranteed. Finally, simulation results
of an example verify effectiveness of the proposed control laws.

Index Terms—Adaptive control, autonomous vehicles, nonholo-
nomic systems.

I. INTRODUCTION

ONTROLLING a unicycle-type mobile robot has been

a popular and important topic since the end of the last
century, see a review [1] and references therein. Many works
focus on two typical control problems of a mobile robot: target
enclosing and trajectory tracking.

Enclosing a target by one or multiple mobile robots can be
applied to securing, monitoring, or localizing an object of in-
terest. Significant effort has been devoted to studying the target
enclosing control problem in the past decade. In particular, a
gradient control law was developed in [2], such that mobile
robots move around a beacon with spacing arrangement. In
[3], target enclosing of the mobile robot with limited visibility
was investigated. In [4], a hybrid control law was developed
based on some prescribed regions around the target. In [5],
controllers without using bearing angle measurements were
proposed for target enclosing.

Tracking a reference trajectory by a mobile robot is another
fundamental and classic control problem which has been
extensively studied. In [6], the problem was solved via a
time-varying state feedback controller based on backstepping
technique. In [7], sliding mode control technique was applied
in controller design. In [8], velocity saturation was considered
and the problem was solved if a P.E. condition on reference
velocities is satisfied. In [9], a single saturated controller was
proposed to simultaneously solve both tracking and regulation
problems. In [10], the constraint of positive-minimum linear
velocity was handled with the constrained control Lyapunov
function method. The same velocity constraint was also re-
solved in [11] by properly using bounded functions in con-
troller. In [12], an observer based controller was proposed in
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the absence of relative heading angle, and in [13], a vision
based controller was developed without using relative position.

However, all aforementioned works did not take into ac-
count any disturbances, so that the obtained results were not
applicable to many practical scenarios where there always
exist some kinds of disturbances. In [14] and [15], bounded
kinematic disturbances which violates the nonholonomic pure
rolling and non-slipping constraint were considered in trajec-
tory tracking control problem of a mobile robot. In [16], a
comprehensive study on modeling and control of a mobile
robot with the kinematic disturbances originated from the
wheel skidding and slipping was presented. Later in [17], a
GPS-based tracking controller was proposed to handle one of
the disturbances in [16]. Some recent works considered the
existence of disturbance in velocities, i.e., the input channels
of a mobile robot. In [18], consensus of mobile robots with
a bounded input disturbance generated by a linear exogenous
system was achieved. The system matrix of the exogenous
system satisfies a strong assumption, which limits the scope of
the disturbances. In [19], the same disturbance was considered
in distributed rendezvous and tracking control problems of
mobile robots. In [20], the assumption on disturbances was
relaxed to those subject to a known bound. Then, sliding mode
control technique was used in controller design, which yields
the chattering in the heading angles of mobile robots.

In this letter, a class of input disturbances generated by a
linear exogenous system is considered. Two dynamic control
laws are proposed for the target enclosing and trajectory track-
ing control problems respectively, such that both problems
can be solved with full disturbance rejection. Different from
[18] and [19], the system matrix of the exogenous system
is only required to satisfy a mild assumption such that the
concerned disturbances can describe linear combinations of
a finite number of sinusoidal signals and step signals. For a
mobile robot with such class of disturbances, our proposed
control laws have advantages over that in [20] in the sense
that the knowledge of the bound of the disturbances is not
required, and no chattering will exist.

The rest of this letter is organized as follows. In Section II,
we give the problem formulation. In Section III, two proposed
control laws along with stability analysis are presented. Sec-
tion IV shows simulation results of an example. In Section V,
the conclusion is drawn.

Notations: For a matrix A € R"*", A > (<) 0 and A >
(<) 0 denote that A is positive (negative) definite and positive
(negative) semi-definite respectively.



II. PROBLEM FORMULATION

Consider a unicycle-type mobile robot subject to distur-
bances in both linear velocity and angular velocity, and the
kinematics the mobile robot is described by

= (v+er)cosb, y=(v+e1)sind, 9:w+52, )

where p := [z y|" € R? and 6 € R are the position and
heading angle of the robot in the inertial frame respectively.
v € R and w € R are the linear velocity and angular velocity
respectively and they are considered as the control inputs of
system (1). € := [g1 €2]" € R? is a disturbance generated by
the following linear exogenous system

e =[bjz byz|", 2z = Sz, (2)

where z € R™, by, bo € R™ are constant vectors, and the
constant matrix S € R™*" satisfies the following assumption.

[A1] The matrix S is marginally stable, i.e., the eigenvalues
of S have non-positive real part and those eigenvalues with
zero real part are semi-simple.

In this letter, we consider two control problems of a mobile
robot (1) with respect to a target located at pg := [z yo|".

First, the target enclosing control problem is studied. The
objective is to design [v w|" such that a mobile robot (1) can
encircle a given stationary target py with a counterclockwise
circular motion.

Second, the trajectory tracking control problem is investi-
gated. The objective is to design [v w]|" such that a mobile robot
(1) can track a reference trajectory generated by a moving
target with the following dynamics:

&g = vp cosBo, Yo = vosinby, o = wo, (3)

where vy and wy satisfy the following assumption:

[A2] vo(t) and wy(t) are differentiable in ¢, and 0o (¢) and
wo(t) are bounded.

The mobile robot (1) is allowed to use its local coordinate
frame, i.e., the Frenet-Serret frame, with the origin at its
position p and the x-axis coincident with its orientation 6.
Denote the error coordinate with respect to the target by using
the following coordinate transformation [21]:

Pe = [Ie ye]T = R(e)(Po - p)v 0. = 0o — 0. 4)
cos(- sin(-
where R(-) = | sug()) cosi-%

Then, based on the definition of the problem of simulta-
neous stabilization and tracking [1, Definition 1], the target
enclosing and trajectory tracking control problems considered
in this letter are formally defined as follows.

Problem 1 (Target enclosing control problem): Given a
target located at py = [z¢ yo]" and a desired radius r, for a
mobile robot (1) subject to a disturbance generated by system
(2), with any initial states [p"(to) 0(to)]" € R3, Vo > 0, find
a dynamic control law in the form of

[U W]T:O'(pe,p,’l’), ng(peapar)a (5)
such that p(t) is bounded for all ¢ > t( and
tli}m (p(t) — po) =7 [sinf(t) —cosO(t)]". (6)
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where p, to be designed later, is an internal state, and o (-)
and ¢(-) are sufficiently smooth functions. (]

Problem 2 (Trajectory tracking control problem): Given
a reference trajectory [p{, 0o]" generated by system (3), for a
mobile robot (1) subject to a disturbance generated by system
(2), with any initial states [p"(to) 0(to)]" € R3, Vo > 0, find
a dynamic control law in the form of

[U W]T = a(p67 967 P, Vo, WO)u p = C(pea 967 P, U07w0)7 (7)
such that p(t) — po(¢) is bounded for all ¢ > ¢y and

Jim (p(t) — po(t) = 0, lim (6(t) — B (1)) = 2K, (8)

where K is some integer, p is an internal state to be designed,
and o(-) and ¢(-) are sufficiently smooth functions. m

Remark 2.1: Under assumption [Al], € = [g1 &2]" can
describe linear combinations of a finite number of sinusoidal
signals and step signals, and can be written in the form of

i = a;+ )5y Bigsin(yiit + ¢ig),i = 1,2, )

with unknown «;, 53,5, and ¢;;, j = 1, ..., n;. It is known that
a periodic signal can be represented as a sum of sinusoids
by Fourier series expansion. Thus, a large class of persistent
external disturbances with unbounded energy are included in
the problem formulation. In practice, some input disturbances
can be persistent and periodical, which is caused by some
malfunction of engine or actuation, such as motor offset and
wear and tear of devices, and by some external environmental
perturbations, such as steady wind, airflow, and friction. ]

Remark 2.2: In [18] and [19], the disturbance € = [g1 &2]"
was generated by the following linear exogenous system

T : T :
€1 =byz1, 21 = 5121, €2 = byza, 2o = Sozo. (10)

Note that system (2) can also be written in the form of (10),
and vice versa. Vectors by, bs, and matrices S and So were as-
sumed to satisfy [A1’] by b] S and byb5.S, are negative semi-
definite [18], or [A1”] b1b]S1 4 S7b1b] and bab;So + S3bab)
are negative semi-definite [19]. These assumptions imply that
e will not diverge, which can be observed by choosing a
Lyapunov function candidate V;, = %5% and then obtaining

‘./51 = Z—{blb{SlZl = %Z{(blb-iSl + S{blb{)zl S 0.

However, [A1’] and [A17] limit the scope of the disturbances
in the sense that () cannot represent linear combinations of
a finite number of sinusoidal signals. For example, &(t) =
[% + 2sin(2t+I) % + =sin(2t 4+ T) — & cos(2t + )]
is a signal generated by the exogenous system (10) with S; =

02 -1 0 1 0
SQ = 04 —-02 0 N b1 = 0 . and bQ = 1
0 0 0 1 1

It can be verified that assumptions [Al’] and [A1”] are not
satisfied. While this e(t) is a signal in the form of (9) which
is generated by system (2) with S = S satisfying [A1]. Note
that there exists a matrix P > 0 satisfying

PS+S™P <O, (11)

if and only if assumption [Al] is satisfied. [
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III. MAIN RESULTS

In this section, we present solutions to the target enclosing
and trajectory tracking control problems along with stability
analysis of the closed-loop systems respectively.

A. Solution to Target Enclosing Control Problem

First, we solve the target enclosing control problem.
Define a tracking error e := [e, e,]|" as

e:=[e, ey]sze—[O]. (12)

r

Then, the error dynamics can be expressed as

éz(w+62)Ae—(U—WT+€1—62T)|:é:|, (13)

where A = { _01 (1) ] To achieve (6), it suffices to show
tlirgo e(t) = 0. (14)

To find a solution in the form of (5), we first introduce the
following internal states:

é:=1[¢, &, €R? 2 €R™, &:=[&) &) = [b12 b2]".

Then, the following dynamic control law is proposed.

v =wp — £, (15)
- Vo “ k éx
Rt el s (1o
2 N . R k(ém —em) 1
e:(w—i—sg)Ae—i—L(e—e)—Té%[o}, (17)
2 =52+ P Yby(e—é)"Ae — [b; by] {_Tl] (éx — 2e4)),
(18)

where vy is a non-zero constant, k is any positive constant,
L € R?*? is any matrix satisfying L + L™ > 0, and P €
R™>™ ig a positive definite matrix satisfying inequality (11)
under assumption [A1]. The initial states é(to) and 2(ty) can
be arbitrarily chosen in R? and R™ respectively.

Then, we have the following theorem.

Theorem 1: The target enclosing control problem, i.e., Pro-
blem 1, is solved by control law (15)—(18) under assumption
[A1]. (]

Proof: Define € := [é, é,|", 2, and € := [&; &]" as

é=é—e z2=2—2, E=€E—¢. (19)

The augmented closed-loop system consisting of (2), (13), and
(15)—(18) can be written as

é=(w+eg)Ae — (Ear — &1 + Lew * em)) [ !

2
i O],<m

é=(w+éy)Aé + érde — Lé

e lo]

2 =082 — P (byé"Ae + [b by] [_7,1} (6 —ez)). (22)

+ (527" — &1+ 21)

Consider a Lyapunov function candidate V (¢, e,é€,2)
R>o x R? x R? x R™ — R as

Vit,e, €, 2) = %eTe + %éTé + %ETP,%, (23)
which is positive definite and decrescent. Taking the time
derivative of V(t,e, é,2) along the trajectories of system

(20)-(22) yields

- wHeg . N k(esés +€2)

V = —— T A AT — €y —_ N o A
5 € (A4 ANe — e, (Ear — &7) T
Lute €'(A+ ANe+é6"Ae — 1e'(L+ L")e

keyéy 1~ ~
Ml L 1zvpS 4+ STP)z
Jize et )
— 52éTAe — (527" — 51)(éx — 61)

k 2
<———r_ _1l&(L+LY)é<0,

V1+é2
where it is noted that A + A" = 0, PS + S'™P < O
and L + L™ > 0. V(t,e,é,2) < 0 shows that the aug-
mented closed-loop system (20)—(22) is uniformly stable, and
that V' (¢, e, e, Z) is nonincreasing in ¢ and bounded. Then,
tli)rgo ftz V(r, e, é,2)dr exists and is finite. It follows from
Vit,e(t),e(t),z(t)) < V(to,e(to),€(to), Z(to)) that e, é,
and z are bounded, which implies that p, €, e, é, and z are
bounded. Hence, V(t, e, é, z) is bounded and V(t, e e z)is
uniformly continuous in ¢. By Barbalat’s Lemma,

+ Ep(Ear — &1) +

(24)

tlggo e (t) =0, tlggo é(t) =0. (25)

Next, we employ the extended Barbalat’s Lemma (Lemma
A.1) to show tlim ey(t) =0.
—00
It follows from (17) that the time derivative of é, is

ke,

bo = (WHE2)(ey +&y) — ——— —[1 0]Lé. (26
Then, let
hi = (w+é2)e, = %ey, 27)
o ké, .
hy = (w+é2)éy — [1 0]Le. (28)

V1+é2
It follows from (25) and (28) that tlim ha(t) = 0. Note that
e is bounded and € is also bounded Srolder assumption [Al].
Then, it follows from (20) and (27) that hl(t) exists and is
bounded, and then hj(t) is uniformly continuous in t. By
Lemma A.1, lim hq(¢) =0, and thus lim e,(¢) = 0.
t—o00 t—o0

This completes the proof. [

Remark 3.1: Introducing the internal state € along with
(17) helps establish the result tliglo ey(t) = 0. Introducing &

only and using an adaptive control law in the form of

ww]"=o(e 2,1), 2=cle27), (29)

would lead to the lack of a suitable differentiable function for
proving tlggo ey(t) = 0 by the extended Barbalat’s Lemma.
Then, only tliglo ex(t) = 0 can be shown and tliglo ey(t) =0
cannot be guaranteed. [



Remark 3.2: In the case where v is required to be a constant
[3], i.e., v = vy, w in (16) can be modified as

Vo N E-fl k ém
= — — —_— 30
w=-_——&+— - T+ e (30)

Moreover, if S = 0, the constant vy needs to be adjusted if
(1) vo + &1(t) = 0 and (2) vy + tli}m €1(t) = 0. The first
case is trivial since the mobile robot cannot move if p=0.
The second case occurs when £1(t) happens to converge to
—p. With v = vg and w in (30), (27) becomes h; = (vo +
€1)ey. In this case, vy is required to be adjusted such that
tlggo ey(t) = 0 can be guaranteed. ]

Remark 3.3: The target enclosing control problem of one
or multiple mobile robots was studied by several works with
different focuses, see [2]-[5]. However, these works did not
consider any disturbances. While the existence of disturbance
in velocities, i.e., the input channels of the mobile robot is
taken into account in this paper. [

B. Solution to Trajectory Tracking Control Problem

Then, we solve the trajectory tracking control problem.

Use [p. 0.]" as the tracking error, and the error dynamics
can be expressed as
. v+ e cos b,
Pe = (w + EQ)Ape - |: 0 :| + Vo |: sin 96 :| ) (31)
ée =Wy — W — €9. (32)

0 1

where A = [ ] To achieve (8), it suffices to show

lim pe(t) = 0, lim sin felt) — o, (33)
t—o00
To find a solution in the form of (7), we introduce the

following internal states:

Pe i= [Te ] €R?, 2 € R™, & :=[&; & = [b]2 by2]",
and propose the following dynamic control law:
kize .
v =g+ e — £, (34)
V14 Pipe
kovo[—sin e cos & e + k sin &
oot ROTIG cosFlpethsing o)
V1+pipe

;o o v+é; cos 0
pe_(w+€2)Ap8_[ 0 }—i_vo[sinb‘ ]
kavo[—1 4 cos O, sinb.]pe(pe + Pe)

V 1+pep€\/1+pep€ V 1+pep€+ V1+pep€)
kikoxe 1 .
L2 [ ] + L(pe - Pe)7 (36)
\/ 1+ pepev1+ pipe
2 =52+ P 'by((pe — pe)' Ape — 2sin 9—5)
— k2xe
— P (e — Fe + ——=—),

1 v+ pépe)
where k1 and ks are any positive constants, ko satisfies
0 < ky < |tlim wo(t)/tlim vo(t)| if both vo(t) and wo(t)

—00 —00
have finite and non-zero limits as ¢ — oo; otherwise ko is
any positive constant, L € R?*? is any matrix satisfying

(37
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L+ L" > 0, P € R™™ is a positive definite matrix
satisfying inequality (11) under assumption [Al]. The initial
states [P (tg) £7(tp)]" can be arbitrarily chosen in R? x R™.

Then, we have the following theorem.

Theorem 2: The trajectory tracking control problem, i.e.,
Problem 2, is solved by control law (34)—(37) if assumptions
[A1]-[A2] are satisfied and either vy(t) or wy(t) does not
converge to zero as t — o0. [

Proof: Define p. := [T Je]", 2, and € := [&1 &5]" as

ﬁezﬁe_p(iuz:z_zaé:é_e- (38)
The augmented closed-loop system consisting of (2), (31), and

(34)—(37) can be written as

_ _ kl(ie'f‘we) =
Pe = (W + &2)Ape + vo(cos 0 — 1) Jiteip. ! ,
v sin 6,
(39)
. k osinZe — g, cos L) — kgsin e
g, = Eatoltesing —yecos ) Thasin g Lo o)

1+ Dipe
Pe = (w+ é2) AP, + E2Ap. — Lp.
N kovg(ze(cosbe — 1) + ye sin 0. ) (pe + Pe)
V1+PiPevT+pipe(y/1+ PiPe + I+ Pipe)

klkgxe - 1
—&1) L 41
\/ 1+ pipe/1 + Dipe

z2=8z2-P P~ by (pLApe. + 2sin &)

kQZCe
Pl (3, - ———). 42
1(Z 1+pT8Pe) (42)

Consider a Lyapunov function candidate V (¢, pe, bc, Pe, Z) :
R>o x RZx R x RZ x R™ — R as

V(t,pe, Oc, De, 2) =

2pepe + zTPz + 8sin? f

+ k2 (/1 + pipe — 1),

which is positive definite and decrescent. Taking the time
derivative of V (¢, p., 0., Pe, Z) along the trajectories of system
(39)-(42) yields

(43)

_ kikoxe (e + %) koweér  2ks sin® &
VIFPpe\/1+Ppe VI+PiPe /1+pipe

kovo(xe(cosbe — 1) 4+ ye sinb,)

V 1+ PiPe

+2&;sin & +

2kovg sin L ecos‘g— —:Cesm‘g
il alt (yﬁz ) + E2Pe Ape
1+pepe
— &% + 5(w + E2)pL(A+ AN)pe — 3P, (L + L")p.
klkgzeje
+ —— — kouvg(ze(cosf. — 1)
V14 Dpiper/1+ DPiDe
1 1
+yeSiD98)( — )—2528111&
VI+pipe I+ Pipe 2
P A + Eri — 2T 12 (PS+ S'P)z
V1+ pipe
— k1 ko2 2k sin? e ~ .
= e S22 5L+ L)pe
VITPpe\/1+pipe  /1+PLpe
<0 (44)
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where it is noted that A + A" = 0, PS + STP < 0 and
L+ L" > 0. V(t,pe,0ec,pe, 2) < 0 implies that the aug-
mented closed-loop system (39)—(42) is uniformly stable, and
V(t,pe,Bec, Pe, Z) is nonincreasing in ¢ and bounded. Then,
V(t,Pe,be, Pe, Z) has a finite limit as ¢ — oo, which implies
that p., P., 2, &, and f:o V (7, Pe, b, Pe, Z)d7 also have
finite limits as ¢ — oo. Since V (¢, pc(t), 0 (t), Pe(t), Z(t)) <
V(thpe(tO)a ee(tO)aﬁe(tO)a i(tO))’ then pe, pe, 2z, and € are
bounded, and p — pg, Pe, 98, f)e, Z and & are also bounded.
Thus, V (£, pe, B, Pe, Z) is bounded and V (£, pe, be, Pe, Z) is
uniformly continuous in ¢. By Barbalat’s Lemma,

lim (1) = 0, lim sin belt) — 0, lim pe(t) =0.  (45)
Next, we employ the extended Barbalat’s Lemma (Lemma
A.1) to show tliglo Ye(t) = 0.
Define the following two functions

H1 = Te + Te, M2 = Ye sin 0. (46)

By (39) and (41), f11 and ji2 can be written in the form of
ft1 = hi1 + h12 and fiz = hoy + hao, where

0
kavoye cos %

k(Ze + xc)

1+ Prpe

n vo(ze(cos e — 1) + ye sin 0. ) (22, + Z.)
V14 PLpev/T+ pipe(y/1+ pipe + /T + pipe)

+ ks —[1 0Lp., (48)

V1+pePev1+ Dipe

kavoye cOS e
—=), 49)

V1+pipe
kovoxe sin 9—26 + kg sin 92—5
V1+Dpipe '
It follows from (45), (48), and (50) that tli)rgo hia(t) = 0
and tlggo hoo(t) = 0. Since p., Pe, and € are bounded and

hi1 = (w + £€2)ye = (wo + 47)

his = (W + €2)ge — vo(cos b, — 1) +

ho1 = ye cosB.(E2 —

hoo = Ye sin b, + y cos O, (50)

€ is also bounded under assumption [Al], it fol}ows from
assumption [A2], (39), (40), (47), and (49) that hy;(t) and
h21(t) exist and are bounded. Then, h11(t) and hoj(t) are

uniformly continuous in ¢. By Lemma A.1, we have
lim hui(8) =0, lim hoi(t) = 0. 51)

If vo(t) does not converge to zero and tlim wo(t) = 0,
—00

: — i R2voWuit) : _
tlggo hi1(t) = tlg]élo e 0 leads to tlggo ye(t) = 0.
If lt1im vo(t) = 0 and wy(t) does not converge to zero,
—

Jim hi(l) = Tim wo(t)ye (t) = 0 leads to lim y.(t) = 0.
—00 —300 —00

If neither vy (¢) nor wy(t) converges to zero, it follows from
(51) that tlim (h,ll(t) + hgl(t)) = O, i.e.,

lim (ye(t)(wo(t) + £2(t))) = 0.

(52)
t— o0
Note that tlim €9(t) exists and is finite. Then, if tlim wo(t)
does not exist, it follows from (52) that tlim Ye(t) = 0. If
—00

wo(t) has a finite and non-zero limit and tlim vo(t) does not
—00

o . havo (D)ye (£) _

exist, lim hii(f) = lim ((wo(t) + =722 )ye(t) = 0

leads to tlim ye(t) = 0. If both vp(t) and wy(t) have finite
—00

and non-zero limits, the selection of k5 in this case yields

. . Sy (t) _ .
tli)ngo hi1(t) = tli)rgowo(t)(l + 7m)ye(t) 0 with

6] < 1. Since 14—
1+42

Hence, if either vo(t)cor wo(t) does not converge to zero as
t — oo, then tlirn ye(t) = 0.
— 00

> 0 for y. € R, then tlim Ye(t) = 0.
—00

This completes the proof. [

Remark 3.4: Assumption [A2] is required to facilitate the
extended Barbalat’s Lemma. Moreover, the P.E. condition that
either vg(t) or wy(t) does not converge to zero, is the same
as that in [8], and is needed to show tliglo ye(t) = 0. n

Remark 3.5: By setting a circular trajectory with radius r
around the given target as the reference trajectory, the objective
of Problem 1 can be achieved by control law (34)—(37) for
Problem 2. However, it follows from (5) and (7) that the
definitions of Problems 1 and 2 are essentially different in
the sense that 6. is not required for the solution to Problem
1. As 6, is not used in control law (15)—(18), from a practical
view of point, the implementation of control law (15)—(18) is
easier than that of control law (34)-(37). ]

Remark 3.6: For the trajectory tracking control problem,
several kinds of bounded kinematic disturbances were con-
sidered in [14]-[17]. In this paper, we consider the input
disturbances of the mobile robot as in [18]-[20]. Full rejection
with respect to a wider class of input disturbances than that
in [18] and [19] is achieved. [ ]

Remark 3.7: In practice, some disturbances are generated
by system (2) with a non-constant matrix S. For instance,
disturbances caused by motor vibration depend on the velocity,
that is, S is a function of v or p. In some scenarios, the
model of system (2) may not be known, i.e., matrix .S may be
unknown. These cases are out of scope of this paper, but are
our on-going or future research topics. [

IV. AN ILLUSTRATIVE EXAMPLE

In this section, we present an example of a mobile robot (1)
with an input disturbance e(¢) in target enclosing and trajec-
tory tracking respectively. The disturbance &(t) is caused by
an external environmental perturbation as given in the example

of Remark 2.2. According to (11), the positive-definite matrix
2 -1 0

P can be chosen as P = | —1 5 0 |. The initial state
0 0 1
of the robot is given by [x(0) y(0) 6(0)]" =[5 5 5]".

First, consider a target located at po = [0 0]" and a desired
radius r = 3. Set v9 = 5, k = 10 and L = diag(1,1). It
is shown in Fig. 1 that under control law (15)—(18), e(¢) can
converge to zero, i.e., the objective of target enclosing (6) can
be achieved.

Then, consider a reference trajectory generated by (3) with
po(0) = [18 18]", 6y(0) = F, wo(t) = 3 — fcos 3¢, and
wo(t) = %COS %t. Set k1 = 1, ko = 2, k3 = 1, and L =
diag(100, 100). It is shown in Fig. 2 and Fig. 3 that under
control law (34)—(37), p.(t) and 6.(t) can converge to zero,
i.e., the objective of trajectory tracking (8) can be achieved.
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Fig. 1. Tracking error e in target enclosing during 0-100s.
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Fig. 3. Tracking error €. in trajectory tracking during 0-100s.

All these simulation results verify the effectiveness of the
proposed control laws.

V. CONCLUSIONS

In this letter, we have proposed two dynamic control laws
such that a mobile robot can enclose a given target or track
a reference trajectory in the presence of a class of input
disturbances. The concerned disturbance can describe linear
combinations of a finite number of sinusoidal signals and
step signals. Disturbance rejection can be achieved with the
proposed control laws. For the future work, we will investigate
the disturbance rejection in moving-target enclosing of a
mobile robot and the coordination of multiple mobile robots.

APPENDIX

The following lemma is known as the extended Barbalat’s
Lemma [22, Lemma A.14].

Lemma A.1 ( [22, Lemma A.14]): If a differentiable func-
tion f(t) € R has a finite limit as ¢ — oo, and its time
derivative can be written as f(t) = g1(t) + ga(t), where gy ()

AUTHOR VERSION OF DOI: 10.1109/LCSYS.2017.2712663

is a uniformly continuous function and tlim g2(t) = 0, then
—00

tlggo f(t) =0 and tlir(x)lo g1(t) = 0. L]
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